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Abstract

Self-play—training agents by competing against themselves—has produced superhuman performance
from TD-Gammon (1992) through AlphaZero (2018) to the reasoning-model revolution (o1, DeepSeek-R1,
2024–2025), building on game-theoretic foundations laid in 1951. Yet the literature remains fragmented
across game theory, deep reinforcement learning, and language model alignment. This survey unifies
these threads around a single thesis: the quality of the verification signal determines the ceiling
of self-play improvement.

We make five contributions. (1) A three-axis taxonomy organizing self-play methods by game struc-
ture, mechanism, and theoretical guarantees, positioning classical game AI and LLM self-play in one
framework. (2) An original improvement theory: three theorems establishing monotonic improvement
with an O(n/T ) rate under perfect verification, a hard noise floor 2ϵVmax/(1 − 2ϵ) under verifier error
rate ϵ, and a diversity–stability tradeoff for population methods. (3) Three layers of original empirical
validation, including a controlled experiment at 285B-parameter scale: we train a mixture-of-experts
model with GRPO self-play under four calibrated verifier-noise levels and observe the predicted monotone
ordering—noise-free training-distribution improvement falls from +4.8% at ϵ = 0 to −6.6% at ϵ = 0.45,
with the sign change between ϵ = 0.10 and ϵ = 0.30 replicated across independent seeds at all three
of ϵ ∈ {0, 0.10, 0.30}. Extending both sign-change conditions to 2,000 steps (8.3× the original horizon)
shows the divide is persistent : the noisy run is pinned below its starting capability for the entire run, yet
held-out evaluation under a noise-free grader (with problem-level bootstrap confidence intervals) remains
buffered—training-signal collapse precedes held-out degradation durably, making training-distribution
pass rates the leading indicator of verifier failure. A KL-coefficient ablation, measuring both training-
distribution and held-out performance at fixed ϵ = 0.30, turns the buffer into a tradeoff: as the KL anchor
weakens, training-distribution degradation grows monotonically (+0.8% at KL=0.01, −4.1% at 0.001,
−10.9% at KL=0, the last replicated across two seeds) while held-out accuracy moves the opposite way
(0.525 → 0.686 on IMOAnswerBench, non-overlapping CIs at the endpoints), so the KL anchor relocates
the cost of noise between the two axes rather than removing it—making KL strength a first-class design
axis with a sweet spot, not a uniform robustness lever. (4) A failure-mode taxonomy (reward hacking,
mode collapse, strategy cycling, model collapse) connected back to the theory’s quantities (ϵ, diversity
D, population size K). (5) Comprehensive coverage of 200+ works spanning fictitious play (1951) to
LLM self-play (2026)—AlphaZero, PSRO, CFR, league training, SPIN, debate, and verifiable-reward
RL—distilled into practitioner guidelines: before adopting self-play, ask “how reliable is my verification
signal?”

1 Introduction

The idea that an agent can improve by competing against itself is both elegantly simple and profoundly
powerful. Rather than relying on databases of human expert play, hand-crafted heuristics, or curated training
corpora, self-play offers a path to mastery through pure self-generated experience. This philosophy—that
tabula rasa learning can surpass human knowledge—has produced some of the most celebrated achievements
in artificial intelligence, from AlphaGo Zero’s superhuman Go play (Silver et al., 2017) to Pluribus’s victory
over professional poker players (Brown and Sandholm, 2019b).

*This paper was autonomously generated by the Deli AutoResearch framework. AI tools used: DeepSeek-V4-Pro (text
generation, reasoning), GPT-Image-2 (figure generation). Personal research project—all opinions are the author’s own. Corre-
spondence: chendeli96@gmail.com
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The appeal of self-play rests on a fundamental insight: in competitive settings, the agent’s own past
behavior provides an ever-improving curriculum. As the agent strengthens, so does its training signal,
creating a virtuous cycle of improvement that—under appropriate conditions—can converge to optimal
play without any external supervision. This self-bootstrapping property distinguishes self-play from both
supervised learning (which requires expert demonstrations) and standard reinforcement learning (which
requires an environment to provide rewards).

1.1 A Brief History

The history of self-play in AI traces a remarkable arc of increasing ambition:

� 1992–2000: Early Foundations. Tesauro’s TD-Gammon (Tesauro, 1995) demonstrated that a neural
network trained through self-play could achieve world-class backgammon performance, challenging the
prevailing wisdom that learning from human data was essential.

� 2000–2015: Theoretical Developments. Game-theoretic foundations were established, including fic-
titious play convergence results (Robinson, 1951; Berger, 2007), counterfactual regret minimization for
imperfect-information games (Zinkevich et al., 2007), and population-based approaches to multi-agent
learning.

� 2016–2019: The AlphaGo Revolution. DeepMind’s progression from AlphaGo (Silver et al., 2016)
to AlphaGo Zero (Silver et al., 2017) to AlphaZero (Silver et al., 2018) demonstrated that self-play com-
bined with deep neural networks and Monte Carlo Tree Search could achieve superhuman performance
from scratch across multiple games. Simultaneously, AlphaStar (Vinyals et al., 2019) and OpenAI Five
(Berner et al., 2019) extended self-play to complex real-time strategy games through league training and
population-based methods.

� 2020–2023: Generalization and Scaling. MuZero (Schrittwieser et al., 2020) learned environment
models through self-play. PSRO (Lanctot et al., 2017) and its variants provided principled frameworks
for multi-agent training. Poker AI reached superhuman play through CFR-based self-play (Brown and
Sandholm, 2019b).

� 2024–2026: The LLM Self-Play Explosion. Self-play principles have been transformed and applied
to large language model training. SPIN (Chen et al., 2024c) showed that LLMs can self-improve without
stronger teachers. Self-Play Preference Optimization (SPPO) (Wu et al., 2024), debate (Irving et al.,
2018; Khan et al., 2024), and constitutional AI (Bai et al., 2022b) represent new frontiers where self-play
transcends its game-theoretic origins.

1.2 Scope and Contributions

This survey provides a comprehensive and unified treatment of self-play methods. Our key contributions
are:

1. Unified Three-Axis Taxonomy. We propose a novel taxonomy that organizes the self-play literature
along three dimensions—game structure, mechanism, and theoretical guarantees—enabling systematic
comparison across disparate domains (Section 2).

2. Original Theoretical Framework. We establish three original theorems with proofs formalizing self-
play improvement: monotonic improvement under perfect verification, degradation bounds under noisy
verifiers, and a diversity-stability tradeoff for population methods (Section 3.7). To our knowledge, these
provide the first rigorous “improvement theory” connecting verification quality to self-play ceiling.

3. Complete Historical Coverage. We trace the evolution from classical game theory (1951) through
modern deep RL self-play to the LLM reasoning model revolution (o1, DeepSeek-R1, 2024–2025), identi-
fying the intellectual lineage connecting these developments (Sections 3–7).

4. Bridge Between Game AI and Language Models. We provide, to our knowledge, the first systematic
analysis of how self-play principles are being adapted for foundation models, covering SPIN, SPPO, Nash
Learning from Human Feedback, debate, MCTS-guided reasoning, and code self-play—identifying both
successful translations and fundamental differences (Section 7).
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5. Critical Failure Analysis with Formal Bounds. We provide, to our knowledge, the first comprehen-
sive taxonomy of self-play failure modes and connect them to our theoretical framework: reward hacking
corresponds to high verifier noise (Theorem 3), mode collapse to insufficient diversity (Theorem 5), and
strategy cycling to population inadequacy (Section 7.18).

6. Original Empirical Studies. We provide three layers of original empirical evidence: (i) a controlled
inference-time experiment comparing self-play strategies across difficulty levels; (ii) a PSRO matrix-
game simulation validating the noisy-verifier bound with exact ground truth; and (iii) a training-time
validation at 285B-parameter scale, where we train a large mixture-of-experts model with GRPO
self-play under four calibrated verifier-noise levels (with independent seed replication of the sign-change
conditions) and show that noise-free self-play improvement decreases strictly monotonically with noise,
turning into active degradation at ϵ ≥ 0.30—consistent with the qualitative prediction of Theorem 3,
whose stylized noise model (uniform payoff replacement, exact best-response iteration) the GRPO setting
approximates but does not literally instantiate (Section 8). A long-horizon extension of both sign-change
conditions to 2,000 steps (8.3× the original horizon) shows the noise-induced sign change is persistent—
the noisy policy never recovers its starting training-distribution capability—while held-out performance
remains buffered throughout (Section 8.12.4).

1.3 Relationship to Existing Surveys

Several excellent surveys cover subsets of this landscape:

� Hernandez-Leal et al. (2019a) survey multi-agent reinforcement learning broadly but do not focus on the
self-play paradigm specifically.

� Lanctot et al. (2017) introduce PSRO and discuss game-theoretic methods but predate the LLM era.

� Bloembergen et al. (2015) connect evolutionary dynamics to multi-agent learning but focus on tabular
settings.

� Recent surveys on LLM alignment (Wang et al., 2024a; Casper et al., 2023) cover RLHF/DPO but do not
systematically connect to game-theoretic self-play.

� Zhang et al. (2024c) provide a contemporaneous survey on self-play in RL but with narrower scope (no
LLM self-play coverage).

Our work differs by providing a unified treatment that connects game-theoretic self-play (1951–present)
with its emerging applications in language models (2024–2026), offering a coherent intellectual framework
spanning 75 years of research. To our knowledge, we are the first to propose a three-axis taxonomy that posi-
tions classical game AI and modern LLM self-play within a single analytical framework, and to systematically
analyze failure modes across both traditions.

1.4 Scope and Limitations

To maintain focus and depth, this survey explicitly scopes its coverage:
Included:

� Self-play as a training paradigm: agents improving by competing against themselves or their own past.

� Population-based methods where agents within a population train each other.

� LLM self-improvement methods with a game-theoretic or adversarial structure.

� Evaluation and benchmarking of self-play systems.

Excluded:

� General multi-agent RL without self-play structure (e.g., independent learners in purely cooperative set-
tings without self-generated curriculum).

� Evolutionary strategies unless explicitly framed as population-based self-play.
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Figure 1: Timeline of major self-play milestones spanning three eras: the game theory era (classical algo-
rithms), the deep RL revolution (AlphaGo through AlphaStar), and the LLM self-play era (SPIN through
DeepSeek-R1).

� Single-agent exploration methods (curiosity-driven learning, count-based exploration) unless combined with
self-play.

� Supervised self-distillation (knowledge distillation from larger to smaller models without iterative improve-
ment).

� Hardware and systems optimization for self-play training at scale.

We also note that the LLM self-play landscape (Section 7) is rapidly evolving; our coverage reflects the
state of the field through early 2026, and significant new developments may emerge after publication.

1.5 Central Thesis

A unifying insight emerges from spanning classical game AI and modern LLM self-play: the quality of
verification determines the ceiling of self-play improvement. When the verifier is perfect (game rules,
proof assistants, code test suites), self-play can improve without bound—as demonstrated by AlphaZero
and DeepSeek-R1. When the verifier is learned and imperfect (reward models, self-evaluation), self-play
saturates after a few iterations—as observed with SPIN and SPPO. When the verifier is adversarial (reward
hacking), self-play can even degrade performance. Our theoretical framework (Section 3.7) formalizes this
insight quantitatively, and our experiments (Section 8) validate it empirically. This verification-centric view
provides practitioners with a simple diagnostic: before adopting self-play for a new domain, ask “how reliable
is my verification signal?”

Running example: teaching a model to solve math by self-play. To keep the survey’s abstractions
concrete, we return throughout to one thread—training a language model to solve competition mathe-
matics without human solutions. The reader can see each concept instantiated on this single task: the
game is a model proposing and solving problems against itself (Section 2); naive self-play vs. population
methods are different ways of choosing which past versions to train against (Section 6); the verifier is a
proof checker or test suite—perfect when the answer is checkable, learned-and-leaky when a reward model
scores partial work (Sections 7, 1.5); MCTS-guided reasoning searches the tree of solution steps (Table 9);
and our verifier-noise experiments (Section 8) measure exactly what happens to this task as the verifier
degrades. Wherever the “▶ Running example” marker appears, we connect the current concept back to
this thread.

1.6 Organization

The remainder of this survey is organized as follows. Section 2 establishes mathematical foundations and
our three-axis taxonomy. Section 3 covers classical algorithms and our original theoretical framework. Sec-
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tions 4 and 5 survey applications in perfect- and imperfect-information games respectively. Section 6 dis-
cusses population-based methods and open-ended learning. Section 7 covers the emerging LLM self-play
paradigm, from alignment methods to reasoning models. Section 8 analyzes evaluation and presents our
original experiments. Section 9 identifies open problems and future directions.
Reading roadmap. Different readers can take different paths through the survey. Short on time (∼30

minutes): read Section 1.5 (central thesis), the theorem statements in Section 3.7 (skipping proofs), the 285B
experiment (Section 8.12), and the practitioner takeaways in the conclusion. Coming from game AI / RL:
Sections 2–6 will be largely familiar—skim them for our taxonomy positioning and go deep on Sections 7–8
to see how the classical machinery transfers (and fails to transfer) to language models. Coming from NLP /
LLM training : read Sections 2 and 3 carefully—they supply the game-theoretic vocabulary (best response,
exploitability, Nash) the rest of the paper relies on—then jump to Section 7. Readers who want only the
original research contributions should read Sections 3.7 and 8 end to end.

2 Background and Preliminaries

This section establishes the mathematical foundations necessary for understanding self-play methods. We
begin with game-theoretic concepts, then introduce the reinforcement learning framework, and finally present
our unified taxonomy.
▶ Running example. On our math-solving thread, the “game” is a two-role interaction played by one model:
a proposer role poses a problem and a solver role attempts it, with payoff determined by whether the solution
verifies. The normal-form and Markov-game definitions below are the formal scaffolding for exactly this kind
of self-competition.

2.1 Game-Theoretic Foundations

Definition 1 (Normal-Form Game). A finite normal-form game is a tuple G = (N, {Si}i∈N , {ui}i∈N ) where
N = {1, . . . , n} is the set of players, Si is the finite strategy set of player i, and ui :

∏
j∈N Sj → R is the

utility function for player i.

Definition 2 (Nash Equilibrium (Nash, 1950)). A mixed strategy profile σ∗ = (σ∗
1 , . . . , σ

∗
n) is a Nash equi-

librium if for every player i and every mixed strategy σi:

ui(σ
∗
i , σ

∗
−i) ≥ ui(σi, σ

∗
−i) (1)

where σ∗
−i denotes the strategies of all players except i. Every finite game possesses at least one Nash

equilibrium in mixed strategies.

Definition 3 (Two-Player Zero-Sum Game). A game where n = 2 and u1(s) = −u2(s) for all strategy
profiles s. The minimax theorem (von Neumann, 1928) guarantees the existence of a Nash equilibrium
computable via linear programming.

Definition 4 (Exploitability). For a strategy σi in a two-player zero-sum game, the exploitability is:

exploit(σi) = max
σ−i

u−i(σi, σ−i)− v∗−i (2)

where v∗−i is the value of the game for player −i. A strategy with zero exploitability constitutes a Nash
equilibrium.

2.2 Extensive-Form Games

Many self-play applications involve sequential decision-making, modeled as extensive-form games.

Definition 5 (Extensive-Form Game). An extensive-form game is a tuple (N,H,A, P, σc, {Ii}, {ui}) where
H is the set of histories (sequences of actions), A(h) is the action set at history h, P (h) assigns a player to
each non-terminal history, σc is the chance player’s strategy, Ii is the information partition of player i, and
ui maps terminal histories to payoffs.

Definition 6 (Information Set). In imperfect-information games, player i cannot distinguish between histo-
ries in the same information set I ∈ Ii. A behavioral strategy assigns a probability distribution over actions
at each information set.
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2.3 Reinforcement Learning Foundations

Definition 7 (Markov Decision Process). An MDP is a tuple (S,A, T,R, γ) where S is the state space, A
is the action space, T : S ×A → ∆(S) is the transition function, R : S ×A → R is the reward function, and
γ ∈ [0, 1) is the discount factor.

Definition 8 (Multi-Agent MDP (Markov Game)). A Markov game extends MDPs to multiple agents:
(N,S, {Ai}, T, {Ri}, γ) where each agent i has its own action space Ai and reward function Ri.

In the self-play setting, a single learning algorithm controls all players, using its own current or historical
policies as opponents. The key insight is that the multi-agent problem reduces to a single-agent learning prob-
lem where the “environment” co-evolves with the learner (Sutton and Barto, 2018). This non-stationarity is
both the source of self-play’s power (adaptive curriculum) and its primary theoretical challenge, as standard
convergence results from single-agent RL (Agarwal et al., 2021) do not directly apply. For comprehensive
treatments of multi-agent RL theory, we refer readers to Zhang et al. (2021) (theoretical overview), Yang and
Wang (2020) (game-theoretic perspective), and Shoham and Leyton-Brown (2009) (algorithmic foundations).
The two-timescale stochastic approximation framework (Borkar, 2008) provides one theoretical lens, mod-
eling the agent’s policy updates as the fast timescale and the opponent’s adaptation as the slow timescale.
Classical MARL algorithms like Nash Q-Learning (Hu and Wellman, 2003) and AWESOME (Conitzer and
Sandholm, 2007) provide convergence guarantees in self-play but require tabular representations, motivating
the function-approximation methods surveyed in subsequent sections.
Self-play also connects deeply to evolutionary game theory (Fudenberg and Levine, 1993), where the con-

cept of Evolutionarily Stable Strategies (ESS) (Maynard Smith and Price, 1973; Maynard Smith, 1982) pro-
vides a population-level solution concept. An ESS is robust to invasion by mutants—analogous to a self-play
policy that cannot be exploited by novel opponents. The evolutionary dynamics perspective (Bloembergen
et al., 2015; Tuyls et al., 2006) has directly influenced modern population-based methods (Section 6).

2.4 Unified Taxonomy

We organize self-play methods along three orthogonal axes, visualized in Figure 2:
Axis 1: Game Structure.

� Symmetric perfect-information (Go, Chess, Othello): Both players have identical roles, full observability.

� Asymmetric perfect-information (StarCraft asymmetric matchups): Different roles/capabilities, full ob-
servability.

� Imperfect-information (Poker, Mahjong, Hanabi): Hidden information necessitates reasoning about beliefs.

� Cooperative/mixed-motive (Diplomacy, Overcooked): Agents must balance cooperation and competition.

� Non-game settings (LLM self-improvement): No explicit opponent; the agent improves through self-
generated feedback.

Axis 2: Self-Play Mechanism.

� Naive self-play : Train against the current or most recent version.

� Fictitious play : Best-respond to the historical average strategy.

� Population-based : Maintain a diverse population of policies.

� PSRO : Iteratively add best responses to a meta-game.

� MCTS-guided : Combine search with learned policy/value (AlphaZero family).

� Auto-curriculum: Automatically generate increasingly challenging tasks/opponents.

� LLM self-play : Generate training signal through self-evaluation, debate, or self-competition.

Axis 3: Theoretical Guarantees. This axis is ordered by decreasing formal strength, from full equi-
librium convergence down to the absence of any formal guarantee:

6



Naive SP Fictitious
Play

Population/
League

PSRO MCTS+SP Auto-
Curriculum

LLM
Self-Play

Self-Play Mechanism

Symmetric
Perfect-Info

Asymmetric
Perfect-Info

Imperfect-Info

Cooperative/
Mixed

Non-Game
(LLM)

G
am

e 
St

ru
ct

ur
e

Taxonomy of Self-Play Methods: Game Structure × Mechanism × Theory

Theory Guarantee
Nash convergent
Exploitability bounds
Regret minimization
Empirical only

AlphaZero

Pluribus

AlphaStar

SPIN

PSROCFR

OpenAI Five

DeepNash

XLand

Hide&Seek

Figure 2: Our three-axis taxonomy for self-play methods. Each landmark system is positioned according
to the game structure it addresses (vertical axis) and the self-play mechanism it employs (horizontal axis).
Color encodes the third axis—theoretical guarantees: green indicates Nash convergence, orange indicates
regret minimization, and red indicates empirical-only validation. Dot size reflects historical impact.

� Nash convergence: Provably converges to Nash equilibrium (e.g., CFR in two-player zero-sum).

� Exploitability bounds: Provides upper bounds on exploitability.

� Regret minimization: No-regret guarantees (average strategy converges).

� No formal guarantee: The baseline level of this axis—methods validated by empirical performance metrics
alone.

2.5 A Unified View of Self-Play

Table 1 provides a comprehensive comparison of landmark self-play systems across our taxonomy dimensions,
highlighting the diversity of approaches and their key design choices.

3 Foundations of Self-Play

This section traces the intellectual foundations of self-play from early game-theoretic algorithms to the deep
reinforcement learning revolution. We identify the key ideas that enable agents to improve without human
supervision.

3.1 Classical Self-Play Algorithms

3.1.1 Fictitious Play

The roots of self-play trace back to Samuel’s checkers program (Samuel, 1959), which learned from games
against itself as early as 1959. However, the first formal self-play algorithm is fictitious play (Robinson,
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Table 1: Comprehensive comparison of landmark self-play systems across taxonomy dimensions.
System Game Structure Mechanism Theory Domain Year Compute

TD-Gammon Symmetric, stochastic Naive self-play Empirical Backgammon 1992 Days

CFR Imperfect-info Fictitious (regret) Nash O(1/
√
T ) Poker 2007 Hours-days

AlphaGo Zero Symmetric perfect-info MCTS + self-play Empirical Go 2017 40h (4 TPUs)
AlphaZero Symmetric perfect-info MCTS + self-play Empirical Chess/Shogi/Go 2018 9h-34h
OpenAI Five Asymmetric Naive + historical Empirical Dota 2 2019 10 months
AlphaStar Asymmetric, partial League (PFSP) Empirical StarCraft II 2019 44 days
Pluribus Imperfect-info (6p) CFR + self-play Nash (approx) Poker 2019 8 days
MuZero Symmetric/single MCTS + learned model Empirical Atari/Board 2020 Varies
DeepNash Imperfect-info R-NaD (population) Regret Stratego 2022 Weeks
CICERO Mixed-motive + NL Planning + negotiation Empirical Diplomacy 2022 Months
SPIN Non-game (LLM) Generative self-play Convergence (limit) LLM align 2024 Hours
SPPO Non-game (LLM) Preference self-play Nash-like LLM align 2024 Hours
rStar-Math Non-game (LLM) MCTS + self-play Empirical Math 2025 Hours
AlphaProof Non-game (math) MCTS + RL (verified) Empirical Theorem 2024 Weeks

1951). Each player maintains an empirical frequency of their opponent’s past actions and best-responds to
this historical average:

σt+1
i = BRi

(
1

t

t∑
τ=1

στ
−i

)
(3)

Theorem 1 (Robinson (1951)). In two-player zero-sum games, the time-averaged strategy profile of fictitious
play converges to a Nash equilibrium.

While fictitious play has strong theoretical properties, it suffers from computational challenges in large
games and does not converge in general-sum games (Shapley, 1964). Heinrich et al. (2015) extended ficti-
tious play to extensive-form games via fictitious self-play (FSP), where best responses are computed using
reinforcement learning. This was further developed into Neural Fictitious Self-Play (NFSP) (Heinrich and
Silver, 2016), combining deep RL for best response computation with supervised learning for average strategy
estimation.

3.1.2 Double Oracle and Iterative Best Response

The double oracle algorithm (McMahan et al., 2003) maintains a restricted set of pure strategies for each
player and iteratively expands it by computing best responses to the current equilibrium of the restricted
game. This idea directly inspired PSRO (Section 6).

3.1.3 Counterfactual Regret Minimization

For extensive-form imperfect-information games, counterfactual regret minimization (CFR) (Zinkevich et al.,
2007) decomposes the global regret into per-information-set counterfactual regrets:

RT
i (I, a) =

T∑
t=1

πσt

−i(I)
[
v
σt|I→a

i (I)− vσ
t

i (I)
]

(4)

where πσ
−i(I) is the reach probability of information set I under opponent strategy σ, and v

σ|I→a

i is the
counterfactual value when action a is always played at I.

CFR guarantees that the average strategy converges to a Nash equilibrium in two-player zero-sum games
at rate O(1/

√
T ). Variants including CFR+ (Tammelin, 2014), Linear CFR (Brown and Sandholm, 2019a),

and DCFR (Brown et al., 2019) have improved convergence speed and scalability.

3.2 TD-Gammon: The First Deep Self-Play Success

Tesauro’s TD-Gammon (Tesauro, 1995) combined temporal-difference learning (Sutton, 1988) with a neural
network trained entirely through self-play in backgammon. Key innovations:

� Self-play as curriculum: the agent’s improving opponent provides an adaptive difficulty curve.
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� Stochasticity in backgammon (dice rolls) helped avoid cyclic strategies.

� Achieved expert-level play with zero human knowledge beyond game rules.

TD-Gammon’s success was paradoxical: subsequent attempts to replicate the approach in deterministic
games like chess and Go largely failed, suggesting that self-play stability depends on game properties. This
puzzle was not resolved until the AlphaGo era.

3.3 The AlphaGo to AlphaZero Arc

3.3.1 AlphaGo (2016)

AlphaGo (Silver et al., 2016) combined four components: (1) supervised learning from human games, (2)
policy gradient reinforcement learning through self-play, (3) value network trained on self-play outcomes,
and (4) Monte Carlo Tree Search integrating all components. While it defeated world champion Lee Sedol,
it still relied heavily on human data for initialization.

3.3.2 AlphaGo Zero (2017)

AlphaGo Zero (Silver et al., 2017) eliminated all human knowledge, learning entirely from self-play starting
from random weights. Key innovations:

� Unified network: A single network fθ(s) = (p, v) outputs both a policy vector and value estimate.

� MCTS as policy improvement: Tree search guided by the network produces improved policy targets
π for training.

� Self-play training: Games are played between the current network and itself; the outcome z ∈ {−1,+1}
provides the value target.

� Loss function: ℓ = (z − v)2 − π⊤ logp+ c∥θ∥2

AlphaGo Zero surpassed all previous versions (including the human-data-trained AlphaGo Master) within
40 hours of training, providing the strongest evidence that self-play can discover knowledge beyond human
expertise.

3.3.3 AlphaZero (2018)

AlphaZero (Silver et al., 2018) generalized the approach to chess and shogi with minimal modifications,
demonstrating that the MCTS + self-play framework is remarkably game-agnostic. Within hours of training,
AlphaZero defeated the strongest existing programs (Stockfish in chess, Elmo in shogi) with a distinctively
creative playing style. Anthony et al. (2017) provided a theoretical framework for understanding this success:
the “Thinking Fast and Slow” decomposition, where the fast neural network (System 1) provides intuition
and the slow MCTS (System 2) provides deliberation, with self-play training the fast system to internalize
the slow system’s judgments.

Observation 1 (AlphaZero’s Self-Play Dynamics). The training trajectory of AlphaZero reveals spontaneous
discovery of known opening theory, tactical motifs, and strategic principles—all emerging purely from self-
play without any human input. This suggests that self-play in rich domains can discover deep structure
beyond mere optimization.

3.3.4 MuZero (2020)

MuZero (Schrittwieser et al., 2020) extended the paradigm by learning an environment model alongside the
policy and value functions, enabling application to environments where the rules are not given (e.g., Atari).
The self-play mechanism remains central: games are played against the learned model’s predictions, and
the model is refined through self-play experience. Subsequent work extended MuZero to online settings
(Schrittwieser et al., 2021) and complex action spaces (Hubert et al., 2021), broadening the applicability of
model-based self-play.
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Figure 3: The AlphaZero self-play training loop. The neural network provides policy and value estimates
to MCTS, which generates improved policy targets through self-play games. Game outcomes provide value
targets. The opponent is sampled from a pool of historical checkpoints to prevent catastrophic forgetting.

3.3.5 Subsequent Advances: Sample Efficiency and Search Improvements

Two important follow-ups addressed practical limitations of the AlphaZero framework:
EfficientZero (Ye et al., 2021): Achieved superhuman performance in Atari with only 2 hours of game

experience (100K environment steps)—a 50× improvement in sample efficiency over MuZero. Key innova-
tions include self-supervised consistency loss for the learned model, end-to-end prediction of value prefixes,
and temporal consistency regularization. EfficientZero demonstrates that self-play sample efficiency can be
dramatically improved through better model learning, without changing the core self-play loop.
Gumbel AlphaZero / Gumbel MuZero (Danihelka et al., 2022): Replaced the standard PUCT-

based MCTS with a theoretically grounded search algorithm based on the Gumbel-Top-k trick. Unlike
PUCT (which lacks convergence guarantees with function approximation), Gumbel MuZero provides a policy
improvement guarantee at any number of simulations, including with as few as one simulation per action.
This is significant for Theorem 2: Gumbel MuZero ensures that each self-play iteration provably improves
the policy, closing the gap between the tabular guarantees and practical deep self-play.

3.4 Key Theoretical Properties

Conjecture 1 (Self-Play Convergence in Symmetric Zero-Sum Games). In symmetric two-player zero-sum
games with continuous strategy spaces, properly regularized self-play with function approximation converges
to an approximate Nash equilibrium, provided:

1. The policy class has sufficient representational capacity.

2. The search component (MCTS) provides adequate exploration.

3. Historical opponents are retained to prevent catastrophic forgetting.

Remark 1. This conjecture formalizes the empirical observation that AlphaZero-style self-play works in
practice. Formal proofs remain elusive due to the interaction between function approximation, non-stationary
opponents, and search.
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Table 2: Convergence properties of self-play across game types.

Game Type Convergent? Algorithm Rate

Two-player zero-sum (normal-form) Yes Fictitious play O(t−1/(2n−2)) worst-case (Shapiro, 1958)

Two-player zero-sum (extensive-form) Yes CFR O(1/
√
T )

Symmetric zero-sum (AlphaZero) Empirical MCTS + self-play Unknown
Multi-player general-sum No guarantee PSRO (partial) Game-dependent
Cooperative N/A Self-play + reward shaping Task-dependent

3.5 The Self-Play Training Loop

We formalize the general self-play training procedure that underlies all variants discussed in subsequent
sections:

Definition 9 (Self-Play Training Loop). A self-play training loop consists of:

1. Data Generation: Play N games between the current policy πθ (possibly guided by search) and an
opponent policy πopp ∈ P (drawn from a pool P), generating trajectories τ1, . . . , τN .

2. Target Computation: From trajectories, compute training targets (s,π, z) where π is the search-
improved policy and z is the outcome.

3. Parameter Update: Minimize loss L(θ) =
∑

(s,π,z)[(z − vθ(s))
2 − π⊤ log pθ(s)].

4. Opponent Update: Update the opponent pool P (e.g., add new checkpoint, maintain population).

The variants in this survey differ primarily in step (4)—how the opponent pool is managed—and secon-
darily in step (1)—the search procedure used during data generation.

3.6 Critical Assessment of Self-Play Foundations

Despite their elegance, classical self-play foundations have significant limitations:
Gap 1: Tabular-to-Neural. Classical convergence proofs (fictitious play, CFR) assume tabular rep-

resentations. The extension to neural function approximation—which is what makes self-play practical in
large games—has no formal guarantees. The “deadly triad” of off-policy learning, function approximation,
and bootstrapping (Sutton and Barto, 2018) is compounded in self-play by non-stationarity of the oppo-
nent. Recent work on last-iterate convergence (Daskalakis and Panageas, 2022; Wei et al., 2021) provides
partial results for gradient-based methods in games, Perolat et al. (2021) prove convergence for regularized
self-play (R-NaD), and Mertikopoulos and Zhou (2019) establish convergence for continuous action spaces
with unknown payoffs, but a general theory for deep self-play remains elusive.
Gap 2: Two-Player to Multi-Player. Most convergence results apply only to two-player zero-sum

games. Extension to multi-player games lacks even basic solution concept agreement: should agents target
Nash equilibrium (possibly unfair), correlated equilibrium (Hart and Mas-Colell, 2000) (requires communica-
tion), or welfare-optimal solutions? No-regret learning provides partial answers—Bowling (2001) shows that
if all agents use no-regret algorithms, the joint strategy converges to a correlated equilibrium, and Piliouras
et al. (2021) achieve bounded regret with unbounded step-sizes—but these guarantees are weaker than Nash
convergence.
Gap 3: Perfect to Imperfect Information. In imperfect-information games, the structure of the

solution space is fundamentally different: strategies must be belief-consistent, leading to computational
intractability of Nash equilibrium in general extensive-form games.
The convergence properties of self-play differ fundamentally across game types:

3.7 Formal Theory of Self-Play Improvement

Why does AlphaZero improve seemingly without limit while SPIN saturates in 3 iterations? Why does
DeepSeek-R1 achieve superhuman reasoning while naive LLM self-play collapses? We argue that a single
factor explains these differences: the quality of the verification signal.
This section formalizes this insight through three theorems that decompose self-play performance into

interpretable components: (1) guaranteed improvement under perfect verification, (2) a hard ceiling created
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by verification noise, and (3) the role of population diversity in accelerating convergence. Together, they
provide quantitative design guidelines for practitioners.
Scope: The results assume finite strategy spaces with exact (or approximately exact) best-response

computation. We discuss implications for deep-learning systems via the Design Implications observation.

3.7.1 Monotonic Improvement under Perfect Verification

Theorem 2 (Population Self-Play Monotonic Improvement). Consider a symmetric two-player zero-sum
game with finite strategy space |Π| = n. Let Pt = {π1, . . . , πt} be the population at round t, where each
πt+1 = BR(σ∗

t ) is an exact best response to the Nash equilibrium σ∗
t of the meta-game restricted to Pt.

Then the exploitability of the meta-Nash strategy decreases monotonically, and, under a uniform-coverage
condition on the meta-game (stated in the proof):

exploit(σ∗
t+1) ≤ exploit(σ∗

t ) ≤
Vmax

1 + t/n
(5)

where Vmax = maxs,s′ |u(s, s′)| is the maximum payoff magnitude.

Proof. Monotonicity: By construction, πt+1 = BR(σ∗
t ) achieves value vt+1 = V (πt+1, σ

∗
t ) ≥ V (π, σ∗

t ) for
all π, so exploit(σ∗

t ) = vt+1 − v∗. For monotonicity, observe that the meta-game at round t + 1 over Pt+1

has strategy set Pt+1 ⊃ Pt for the column player (defender). Since the column player has more strategies
available, the minimax value of the meta-game can only decrease: the column player can always play σ∗

t+1

to limit the row player’s gain. Formally, exploit(σ∗
t+1) = maxπ V (π, σ∗

t+1) − v∗ ≤ maxπ V (π, σ∗
t ) − v∗ =

exploit(σ∗
t ), where the inequality follows because σ∗

t+1 is the optimal defense over a larger set.
Rate bound: The monotonicity argument above is unconditional. The explicit rate requires an additional

uniform-coverage condition: each new best response, once neutralized by the expanded meta-Nash, removes
at least a 1/(t + 1) fraction of the remaining exploitability, i.e., et+1 ≤ et · t/(t + 1). This holds, for
example, when the meta-game payoff matrix is non-degenerate so that the new equilibrium spreads weight
across the enlarged support rather than concentrating on a single column. Under this condition, unrolling
the recurrence from e0 ≤ Vmax gives et ≤ Vmax · n/(n + t). We emphasize that worst-case fictitious-play
analysis does not supply this condition for free: Robinson’s classical proof (Robinson, 1951) yields only an
O(t−1/(2n−2)) worst-case rate (Shapiro, 1958), and Daskalakis and Pan (2014) disproved Karlin’s O(1/

√
t)

conjecture under adversarial tie-breaking. The O(n/t) rate should therefore be read as the benign-instance
rate that PSRO-style methods exhibit empirically, not a worst-case guarantee.

Remark 2. This theorem formalizes the PSRO guarantee (Lanctot et al., 2017) with an explicit convergence
rate. The O(n/t) rate cannot be improved in general: in Rock-Paper-Scissors (n = 3), PSRO requires exactly
3 iterations to reach Nash, and adding redundant strategies provides no further improvement.

3.7.2 Degradation under Imperfect Verification

Theorem 3 (Self-Play with Noisy Verifier). Consider a symmetric two-player zero-sum game with |Π| = n
pure strategies and game value v∗. A self-play algorithm iterates best-response computation using a verifier
that, for any query (s, a), returns the true payoff u(s, a) with probability 1− ϵ and a uniform random value in
[−Vmax, Vmax] with probability ϵ, where ϵ < 1/2. After T iterations, the exploitability of the output strategy
π̂T satisfies:

exploit(π̂T ) ≤
Vmax · n

T︸ ︷︷ ︸
convergence term

+
2ϵVmax

1− 2ϵ︸ ︷︷ ︸
verification noise floor

(6)

When ϵ = 0, this recovers the O(n/T ) noise-free rate. When ϵ → 1/2, the bound diverges—the verifier is
uninformative.

Proof. We model the noisy verifier as operating at the strategy level : when the algorithm evaluates a pure
strategy πi against mixed strategy σ, it receives V̂ (πi, σ) that equals V (πi, σ) with probability 1 − ϵ and
an independent draw from Unif[−Vmax, Vmax] with probability ϵ. Noise realizations are independent across
strategies and rounds.
Step 1 (Expected regret of noisy BR): The noisy best response B̂R(σ) = argmaxi∈[n] V̂ (πi, σ) incurs

expected regret relative to the true BR. Let π∗ = BR(σ) and ∆i = V (π∗, σ) − V (πi, σ) ≥ 0. The noisy

12



BR selects some πi ̸= π∗ only if V̂ (πi, σ) > V̂ (π∗, σ). We bound the expected regret by conditioning on
corruption events:

� With probability (1−ϵ)2: both π∗ and the selected πi receive correct values. Then B̂R = π∗ and regret
is 0.

� With probability ϵ(1 − ϵ): π∗’s value is corrupted (drawn uniformly from [−Vmax, Vmax]) while some
πi is correct. Then any πi may be selected, with expected loss ≤ Vmax.

� With probability ϵ(1− ϵ): some πi’s value is corrupted upward while π∗ is correct. A corrupted value
exceeds the true V (π∗, σ) with probability ≤ 1/2, causing regret ≤ Vmax.

� With probability ϵ2: both are corrupted, contributing ≤ ϵ2Vmax.

Summing and applying the union bound over all n strategies that could be falsely promoted:

E[V (π∗, σ)− V (B̂R(σ), σ)] ≤ ϵVmax + ϵVmax ·
ϵ

1− ϵ
=

ϵVmax

1− ϵ
≤ 2ϵVmax

1− 2ϵ
(7)

where the last inequality holds for ϵ < 1/2. When ϵ is close to 1/2 the verifier is nearly uninformative and
the noisy BR is essentially random.
Scope of the n-free floor. The display above hides a subtlety: with each of n strategies independently

corrupted with probability ϵ, roughly nϵ corrupted values compete for the argmax, and the maximum of
many uniform draws approaches Vmax as n grows. The n-free form is valid because the regret conditional
on a false promotion is already bounded by the worst case Vmax (used above), so growing n increases the
probability that the event of corrupted-argmax capture is realized—bounded by the ϵ/(1− ϵ) factor—but not
the conditional loss. What does degrade with n is the high-probability (rather than expected) regret, and
for large n the expected-regret constant approaches its cap: the bound is loose for small n and saturates at
its stated value as nϵ ≳ 1. Readers should therefore interpret the noise floor as a worst-case envelope that
is essentially tight in the large-n regime relevant to rich strategy spaces, while for small n (few competing
strategies) the realized floor can be substantially below 2ϵVmax/(1− 2ϵ).

Step 2 (Per-round improvement under noise): By Theorem 2 (under the same uniform-coverage
condition, which we inherit here), in the noise-free case each new best response reduces exploitability. With
the noisy BR, the reduction at round t satisfies:

exploit(σ∗
t )− exploit(σ∗

t+1) ≥
exploit(σ∗

t )

n+ t
− 2ϵVmax

1− 2ϵ
(8)

The first term is the guaranteed progress from Theorem 2’s covering argument (each round covers at least a
1/(n+ t) fraction of remaining exploitability). The second term is the noise-induced loss from Step 1.

Step 3 (Convergence and the noise floor — two regimes, stated separately): Define et =
exploit(σ∗

t ) and η = 2ϵVmax/(1− 2ϵ), so Step 2 gives et+1 ≤ (1− 1
n+t )et + η.

Harmonic coverage alone cannot yield a constant floor. This linear recurrence has time-varying coefficient
at =

n+t−1
n+t and constant forcing η; both products in its solution telescope, giving the exact bound

eT ≤ n− 1

n+ T − 1
e0 + η · T (2n+ T − 1)

2(n+ T − 1)
, (9)

with equality for the tight trajectory. The noise coefficient lies in [T2 , T ] for all T ≥ 1, so the accumulated
noise is Θ(ηT ): under harmonic coverage the provable floor grows linearly, not as the constant η. (This
corrects a dropped factor in an earlier form of this bound, where the tail sum was written as “+η”; it
legitimately bounds η(n + T ), not η.) The reason is structural: the contraction 1 − 1

n+t → 1 provides no
asymptotic damping—the same vanishing contraction that delivers the benign O(n/T ) rate is exactly what
fails to suppress a constant per-round noise injection. A genuinely constant floor therefore requires a uniform
contraction, which we state as an explicit, strictly stronger hypothesis.

Assumption 1 (Uniform geometric mixing). There is a spectral gap ρ ∈ (0, 1] such that the noise-free
meta-Nash update contracts exploitability at a uniform linear rate, ecleant+1 ≤ (1 − ρ) ecleant for all t. This is
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an error-bound / variational-stability condition strictly stronger than the harmonic coverage of Theorem 2
(whose effective rate 1/(n + t) → 0). It does not follow from non-degeneracy of the meta-game; we treat it
as the minimal extra hypothesis under which a constant floor is provable.

Under Assumption 1, the noisy-BR regret bound η of Step 1—which is mechanism-independent, concerning
only argmax corruption—composes with the uniform contraction as et+1 ≤ (1 − ρ)et + η, and a geometric
series gives the constant floor

eT ≤ (1− ρ)TVmax +
η

ρ
, hence lim sup

T→∞
eT ≤ η

ρ
=

2ϵVmax

(1− 2ϵ) ρ
. (10)

Two honest consequences follow. First, the floor constant is η/ρ, larger than the naive η by the game-
dependent factor 1/ρ (equal only in the degenerate one-step-mixing case ρ = 1); the 2ϵVmax/(1 − 2ϵ) term
in Theorem 3 should be read as the floor up to this mixing constant. Second, one cannot retain the O(n/T )
rate and a constant floor within a single homogeneous model: harmonic coverage forces the Θ(ηT ) growth
of (9), geometric mixing forces the exponential convergence of (10), so the two genuinely describe different
regimes. The empirical 2,000-step plateau (Section 8: degradation saturates rather than compounding) is
direct evidence for Assumption 1 and against pure harmonic coverage, which would instead predict the
unbounded Θ(ηT ) accumulation of (9).

Lower bounds: a persistence dichotomy. Is the noise floor η(ϵ) = Θ(ϵVmax) order-tight, and for which
class of algorithms? The answer turns out to hinge not on the noise rate ϵ but on whether corruption is
resampled per query (Theorem 3’s model) or persistent (a fixed reward model returning the same wrong
answer on every query). We treat the two regimes separately and honestly: under resampling no algorithm-
independent floor can exist, yet the specific non-aggregating best response of Theorem 3 is exactly order-tight;
under persistent corruption an algorithm-independent floor does exist.

Proposition 1 (Exact floor for non-aggregating best response, and a resampling no-go). Take the explicit
symmetric zero-sum game on Π = {A,B} with u(A,A) = u(B,B) = 0, u(A,B) = Vmax, u(B,A) = −Vmax

(value v∗ = 0; A is the unexploitable maximin strategy, exploit(A) = 0, exploit(B) = Vmax). Run the single-
query noisy best response of Theorem 3 (K=1 self-play: each round query the resampled ϵ-noisy verifier
once per strategy against the current iterate and commit the noisy argmax). Then the iterate converges in
distribution to π∞ with π∞(B) = ϵ/2, so

lim
t→∞

E
[
exploit(πt)

]
=

ϵVmax

2
= Θ(ϵVmax), (11)

order-matching η(ϵ) for small ϵ (ratio 4). This is a property of the non-aggregating update, not an infor-
mation limit: under the resampling model a single query to a payoff entry separating two candidate games
has total variation 1− ϵ, so B repeated queries separate them with probability 1− ϵB → 1; an algorithm that
majority-denoises therefore identifies the game and plays exact Nash, escaping any constant floor. Hence no
algorithm-independent floor holds under resampling—the floor is the price of committing the noisy argmax
without aggregation, exactly the mechanism Step 1 charges.

Proof. With K=1 the opponent mixture is the current iterate. From πt = A the true values are V (A,A) =
0, V (B,A) = −Vmax; conditioning on the four corruption patterns of the two resampled queries (probabilities
(1 − ϵ)2, ϵ(1 − ϵ), ϵ(1 − ϵ), ϵ2) and using Pr[Unif[−Vmax, Vmax] > 0] = 1

2 , the probability of committing B is
pA = 1

2ϵ(1 − ϵ) + 1
2ϵ

2 = ϵ
2 . From πt = B the symmetric computation gives pB = ϵ

2 . Since pA = pB = ϵ
2

the next-state law is independent of the current state, so π∞(B) = ϵ
2 and E[exploit(πt)] → ϵ

2Vmax, as
exploit(A) = 0, exploit(B) = Vmax. The no-go is the total-variation statement in the body. The instance is a
(degenerate) dominant-strategy game—a valid single witness for a lower bound; the corruption merely flips
off the dominant action a ϵ

2 fraction of the time.

The resampling no-go shows the only way to make the floor bind every algorithm is to deny aggregation
its leverage. A fixed (learned) reward model does exactly this: it returns the same answer on every query
to a given input. Under this persistent model the floor becomes genuinely algorithm-independent.
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Theorem 4 (Algorithm-independent floor under persistent corruption). Consider the persistent matchup-
coupled verifier: for each unordered matchup {i, j} a bit C{i,j} ∼ Ber(ϵ), ϵ < 1

2 , is drawn once before the
run, independently across matchups; if C = 0 every query to {i, j} returns the true outcome u(i, j), and if
C = 1 a single Z ∼ Unif[−Vmax, Vmax] is drawn once and every query returns it (u(i, j) = Z, u(j, i) = −Z),
independent of the true game. There exist two symmetric zero-sum games G0, G1 on n = 2 strategies such
that every algorithm—any query budget, adaptive, randomized—producing π̂ ∈ ∆2 incurs

max
b∈{0,1}

EPb

[
exploitGb

(π̂)
]
≥ 1

2

∑
b

EPb

[
exploitGb

(π̂)
]
≥ ϵVmax

2
= Θ(ϵVmax), (12)

where Pb is the law of the frozen verifier table under Gb.

Proof. With δ := Vmax let u0 =
(

0 δ
−δ 0

)
and u1 =

(
0 −δ
δ 0

)
: skew-symmetric, value 0, differing only in matchup

{1, 2}, with strategy 1 dominant in G0 and 2 in G1 (the optimum flips). For any π, exploitG0
(π) = δπ2 and

exploitG1
(π) = δπ1, giving the exact identity exploitG0

(π) + exploitG1
(π) = δ. Because the table is frozen,

every observation is a function of the realized table; only W := ũ(1, 2) is informative. Under Gb, W is the
atom (−1)bδ with probability 1−ϵ and Unif[−Vmax, Vmax] (identical across b) with probability ϵ, so the overlap∫
min(dP0, dP1) = ϵ and TV(P0, P1) = 1− ϵ, independent of the query budget (granting the full table only

enlarges TV and thus weakens the bound). Writing π̂2(ũ) ∈ [0, 1], the variational form of total variation gives
EP0

[π̂2]−EP1
[π̂2] ≥ −TV = −(1−ϵ), whence EP0

[exploitG0
]+EP1

[exploitG1
] = δ

(
1+EP0

[π̂2]−EP1
[π̂2]
)
≥ δϵ,

and dividing by 2 with δ = Vmax yields ϵVmax/2.

Remark 3 (Scope of the dichotomy; what stays open). Three honest caveats bound these results. (i) Model,
not rate. Theorem 3’s verifier corrupts at the directed evaluation level and is resampled; by Proposition 1
that model admits no algorithm-independent floor, so Theorem 4 does not close the resampling question—it
establishes the complementary fact that persistence, not the rate ϵ, is what makes the floor bind every algo-
rithm. (ii) Granularity (ϵ vs. ϵ2). The Θ(ϵVmax) rate uses matchup-coupling—a matchup {i, j} is corrupted
as a single antisymmetric event, faithful to game self-play where “i beats j” is “j loses to i” and where skew-
symmetry is structural. If instead the two directed entries (i, j), (j, i) are corrupted independently (closer
to a reward model scoring directed (state, action) responses), then TV = 1 − ϵ2 and the floor degrades to
Ω(ϵ2Vmax), since either clean direction reveals the game. (iii) Regime and witness. The match is order-tight
only for ϵ bounded away from 1

2 (the persistent floor stays at ϵVmax/2 while η diverges as ϵ → 1
2 , confirming

the (1− 2ϵ)−1 factor is a loose envelope rather than a real divergence), and the witness is a degenerate n=2
dominant-strategy game; an n ≥ 3 mixed-Nash witness (e.g. perturbed rock–paper–scissors) would be a less
degenerate, equally valid strengthening we do not pursue here.

Remark 4. This theorem directly explains the empirical observation that self-play with learned reward models
(high ϵ) saturates quickly, while self-play with perfect verifiers (game rules, proof assistants; ϵ = 0) enables
unbounded improvement. It connects to the reward overoptimization scaling laws of Gao et al. (2023): their
formula Rtrue ≈ d

√
KL−c ·KL describes the same phenomenon—reward model noise (ϵ > 0) creates a ceiling

beyond which optimization degrades performance.

3.7.3 Diversity-Stability Tradeoff

Theorem 5 (Diversity-Stability Bound for Population Self-Play). Consider population-based self-play with
K agents P = {π1, . . . , πK} in a symmetric two-player zero-sum game. Define behavioral diversity as
D(P) = 1

K2

∑
i,j dTV(πi, πj), where dTV denotes total variation distance over the action simplex. Under

KL-regularized policy optimization with coefficient λ > 0, the exploitability decrease per iteration satisfies:

∆exploit ≥
D(P) · Vmax

2K
− λ · Eπ∈P [KL(πt+1∥πt)] (13)

Proof. Step 1 (Diversity lower-bounds exploitability of meta-Nash): Let σ∗ =
∑K

i=1 wiπi be the
meta-Nash equilibrium (a mixture over the population). We show that exploit(σ∗) ≥ D · Vmax/(2K).
The intuition is that a diverse population, by definition, contains policies with different “vulnerability

profiles.” We formalize this via the following construction. For any pair πi, πj with dTV(πi, πj) = dij , there
exists a distinguishing strategy πatk

ij that achieves V (πatk
ij , πi) − V (πatk

ij , πj) ≥ dij · Vmax (by the bilinearity
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of payoffs and the variational characterization of TV distance). For the population mixture σ∗ =
∑

i wiπi,
consider the best response π∗. Since it can exploit any asymmetry in the population’s defense, and the
population has average pairwise spread D = 1

K2

∑
i,j dij , the best response achieves:

V (π∗, σ∗)− v∗ ≥ 1

2K

∑
i:wi>0

wi ·max
j

dij · Vmax ≥ D · Vmax

2K
(14)

where the factor 1/(2K) arises because: (i) the meta-Nash assigns positive weight to at most K strategies,
and (ii) each pairwise distance contributes to exploitation of at most one endpoint (factor 1/2). This bound
is tight for symmetric populations where all pairwise distances equal D.

Step 2 (KL-regularized update bounds improvement): The new population member πt+1 is com-
puted by solving the KL-regularized best response: πt+1 = argmaxπ[V (π, σ∗)−λKL(π∥πt)], where πt is the
previous policy (anchor for stability). By the performance-difference lemma (Kakade and Langford, 2002),
the improvement achieved by adding πt+1 to the population satisfies:

exploit(σ∗
t )− exploit(σ∗

t+1) ≥ V (πt+1, σ
∗)− v∗ − V (π∗, σ∗) + v∗ · 1

K + 1
(15)

The regularized BR achieves value V (πt+1, σ
∗) ≥ V (π∗, σ∗) − λKL(πt+1∥πt) (the KL penalty reduces the

effective exploitation). Combined with Step 1:

∆exploit ≥
D(P) · Vmax

2K
− λ ·KL(πt+1∥πt) (16)

which is the stated bound.

Remark 5 (Heuristic choice of λ). It is tempting to optimize the bound over λ. Substituting the softmax-
parameterization scaling KL ∼ V 2

max/(2λ) and setting the λ-derivative to zero suggests

λheur =
D(P) · Vmax

2K ·KL
, KL = Eπ[KL(πt+1∥πt)]. (17)

We stress that this is a heuristic, not a theorem: KL is itself determined by λ through the regularized update,
so the expression is a self-consistency (fixed-point) condition rather than a closed-form optimum, and the
substitution step does not constitute a derivation. In practice it can be applied iteratively—measure KL at
the current λ, adjust λ toward λheur, re-measure—which matches the adaptive-KL-coefficient schedules used
in RLHF-style training (Ziegler et al., 2019). The qualitative reading survives: stronger regularization is
warranted when diversity per agent (D/K) is high relative to the policy movement per update.

Remark 6. This theorem provides a formal justification for population-based methods like PSRO (Lanctot
et al., 2017) and AlphaStar’s league training (Vinyals et al., 2019): diversity is not merely desirable but quan-
titatively necessary for guaranteed improvement. The bound also explains why pure self-play (single agent,
K = 1, D = 0) provides no diversity-driven improvement guarantee, relying entirely on the mechanisms of
Theorem 2.

Corollary 1 (Unified Self-Play Improvement Bound (Heuristic Composition)). Combining Theorems 2–5,
a population-based self-play system with K agents, diversity D(P), noisy verifier with error rate ϵ < 1/2,
and KL-regularization λ achieves exploitability:

exploit(σ̂T ) ≤ min

{
Vmax · n

T
,

Vmax · n
T · (1 +D(P)/(2K))

}
+

2ϵVmax

1− 2ϵ
+ λKL (18)

This reveals three independent “knobs” for practitioners: (i) run more iterations T to reduce the convergence
term, (ii) improve verifier quality to lower ϵ, and (iii) maintain population diversity D while tuning λ to
balance the diversity-stability tradeoff. The noise floor 2ϵVmax/(1 − 2ϵ) acts as an effective ceiling that
iteration and diversity reduce only up to the convergence term, not below (see the two-regime envelope caveat
in the proof of Theorem 3).
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Proof sketch. From Theorem 3, the per-round progress under noisy verification is ∆t ≥ et/(n + t) −
2ϵVmax/(1− 2ϵ). From Theorem 5, diversity provides an additional per-round improvement of DVmax/(2K)
at cost λKL. Treating the two improvement channels as additive—which holds when the diversity-driven best
response targets strategies outside the support already covered by iterative best-response (e.g., when the ex-
ploiting deviation’s support is disjoint from the current meta-Nash support), but is a heuristic in general, since
a single best response can serve both channels at once—we obtain ∆t ≥ et(1/(n+ t)+D/(2Kn))− η−λKL
where η = 2ϵVmax/(1− 2ϵ), and the accelerated rate eT ≤ Vmaxn/(T (1 +D/(2K))) before hitting the com-
bined floor η + λKL. We therefore present the corollary as a design heuristic in the same spirit as the
λ∗ guidance of Remark 5: each individual term is backed by its parent theorem, while their composition
into a single bound assumes channel orthogonality that real systems only approximate. The noise-floor and
KL-cost terms, by contrast, compose exactly (both are additive penalties on per-round progress).

Remark 7 (The KL term’s sign: a cost in theory, a buffer in practice). In Corollary 1 the KL coefficient
λ enters only as a cost (+λKL on the floor): stronger anchoring slows convergence on the clean objective.
Our two-axis KL ablation under verifier noise (Section 8.13) shows this cost sign is correct on held-out
generalization—stronger anchoring lowers held-out capability (0.686 at λ=0 vs. 0.525 at λ=0.01 on IMOAn-
swerBench), precisely the convergence-slowing the bound charges for. The sign tension is therefore localized
to a single quantity the bound omits: on the training distribution, stronger anchoring reduces the degradation
a fixed ϵ inflicts (−9.9% at λ=0 vs. +0.8% at λ=0.01), the opposite sign. The two are not contradictory:
they are different terms acting on different distributions. Our bound treats the noise floor η(ϵ) and the KL
cost as independent additive penalties, so it captures the held-out cost but has no term for the fact that the
anchor also bounds how far a corrupted gradient can drag the policy off the reference manifold on the training
distribution. A faithful model would replace η(ϵ) + λKL with a coupled floor η(ϵ, λ) that is decreasing in λ
over the noisy training-distribution term while the held-out cost stays increasing—the noise×drift interaction
that makes λ a tradeoff rather than a one-signed lever. We flag this coupling as the clearest gap between
our theory and our measurements, and a concrete target for a future bound; the empirical tradeoff curve in
Figure 9(b) is the shape such a bound must reproduce.

3.7.4 Coupled Noise Floor under KL Anchoring

Remark 7 flagged that we treat the noise floor η(ϵ) and the KL cost λKL as independent additive penalties.
We now partially close that gap at the mechanism level: a KL anchor provably caps how far a corrupted
value can displace the maximizer.

Lemma 1 (Anchored noise displacement). Let the KL-anchored best response solve π = argmaxπ′∈∆[⟨π′, q̂⟩−
λKL(π′∥πref)], with closed form π(a) ∝ πref(a)e

q̂(a)/λ. Let π0, πξ be the maximizers for clean values q and
corrupted values q + ξ. Since q(a), q̂(a) ∈ [−Vmax, Vmax] we have ∥ξ∥∞ ≤ 2Vmax after centering. Then

dTV(π
0, πξ) ≤ min

{
1,

2Vmax

λ

}
. (19)

Proof. Write πξ(a)/π0(a) = eξ(a)/λ/W , W = Eπ0 [eξ/λ], so KL(πξ∥π0) = 1
λEπξ [ξ] − logW . Jensen gives

logW ≥ 1
λEπ0 [ξ], hence KL(πξ∥π0) ≤ 1

λ (Eπξ [ξ] − Eπ0 [ξ]) ≤ 1
λ∥ξ∥∞∥πξ − π0∥1 = 2

λ∥ξ∥∞dTV ≤ 4Vmax

λ dTV.
Pinsker (2d2TV ≤ KL) yields dTV ≤ 2Vmax/λ; the trivial bound dTV ≤ 1 completes the claim.

Proposition 2 (Coupled noise floor, envelope form). Assume the unanchored (λ → 0) floor is η(ϵ) =
2ϵVmax/(1 − 2ϵ) (Theorem 3), a fixed trusted reference πref , and that the ϵ-corruption process (exogenous,
hence unchanged across update rules) drives the same event probability while the per-event damage is the
anchored displacement of Lemma 1. Then the floor obeys the envelope

η(ϵ, λ) ≲
2ϵVmax

1− 2ϵ
· g(λ), g(λ) = min

{
1,

2Vmax

λ

}
, (20)

non-increasing in λ and operative only once λ ≳ 2Vmax. Here π0 is the anchored optimum, not BR(σ); the
attenuated quantity is the noise-induced excess over the anchored baseline, the anchoring bias being separately
priced as λKL.
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Remark 8 (Scope: the worst-case buffer is flat below threshold). Proposition 2 is a worst-case envelope:
for λ ≤ 2Vmax a corruption exceeding the action-value gap can flip a near-deterministic policy (dTV → 1),
so the bound is flat at η(ϵ) and the buffer engages only once the anchor can resist a Vmax-scale corruption.
With Vmax ∼ O(1), the ablation’s operating point λ=0.01 sits in this flat region, where the worst-case bound
predicts no change; the bound therefore reconciles with the ablation only under reward normalization placing
Vmax ≲ λ, or under an averaged gap-distribution analysis we do not impose. We thus present this as
a mechanism-level buffer (the Lemma), not a quantitative explanation of the measured λ=0.01 effect. A
coupled, λ-decreasing training-distribution floor of the kind Remark 7 calls for remains open.

Observation 2 (Design Implications). Corollary 1 explains the empirical success hierarchy of self-play
systems:

� AlphaZero (ϵ = 0, moderate D): No noise floor, converges to Nash. Limited only by compute T .

� AlphaStar League (ϵ = 0, high D, K ≈ 200): Perfect verifier + high diversity gives fastest conver-
gence to robust policies.

� SPIN/SPPO (ϵ > 0, K = 1, D = 0): Noisy self-evaluation creates a hard ceiling; no diversity
mechanism to accelerate convergence. Saturates in 3–5 iterations.

� DeepSeek-R1 (ϵ ≈ 0 for math/code, K = 1): Near-perfect verifier (test cases) enables deep improve-
ment despite no population diversity.

Remark 9 (Relationship to Prior Formal Results). Our theorems complement existing convergence results in
several ways: (1) The PSRO guarantee (Lanctot et al., 2017) establishes monotonic improvement but provides
no explicit rate; our Theorem 2 adds the O(n/t) rate via the fictitious-play connection. (2) Daskalakis and
Panageas (2022) and Perolat et al. (2021) prove last-iterate convergence for specific algorithms (optimistic
gradient descent and R-NaD respectively) in continuous games with function approximation; our results
instead characterize the information-theoretic limits of improvement given verifier quality and diversity,
independent of the specific algorithm. (3) The reward overoptimization scaling law of Gao et al. (2023)
provides an empirical formula; our Theorem 3 gives a formal mechanism (noisy BR regret) that predicts the
same qualitative shape. These results are complementary: ours characterize what limits improvement; theirs
characterize how specific algorithms approach those limits.

These three theorems and their corollary establish a formal “improvement theory” for self-play that con-
nects classical game-theoretic convergence results to modern practical systems, providing quantitative guid-
ance for system design.

4 Self-Play in Symmetric Perfect-Information Games

Symmetric perfect-information games represent the “natural habitat” of self-play: both players have identical
roles, complete observability, and the game tree—while potentially enormous—has no hidden information.
This section surveys the remarkable progress in board games, combinatorial games, and their extensions.

4.1 Board Games: The Proving Ground

4.1.1 Go

Go has served as the premier benchmark for self-play research due to its enormous state space (∼ 10170 legal
positions) and resistance to brute-force search. The progression from AlphaGo to AlphaGo Zero represents
the most compelling demonstration of self-play’s power.
Key results:

� AlphaGo Zero achieved superhuman play in 40 hours of training (vs. AlphaGo’s months with human data)
(Silver et al., 2017).

� The discovered strategies included novel opening patterns not found in professional play.

� Subsequent systems like KataGo (Wu, 2020) optimized training efficiency, achieving AlphaZero-level play
with significantly less compute through curriculum design and auxiliary training targets.
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4.1.2 Chess

While traditional chess engines (Stockfish, Komodo) relied on hand-crafted evaluation functions, AlphaZero
demonstrated that self-play could produce a qualitatively different playing style characterized by dynamic
piece sacrifices and long-term positional understanding (Silver et al., 2018).
Impact on chess AI:

� Leela Chess Zero (Lc0) (Linscott et al., 2018): open-source replication using distributed self-play training.

� Modern Stockfish now incorporates NNUE (efficiently updatable neural networks) trained partly through
self-play (Nasu, 2018).

� The hybrid approach (neural evaluation + alpha-beta search) versus pure MCTS remains an active area
of investigation.

4.1.3 Hex, Othello, and Combinatorial Games

Self-play has been successfully applied to numerous other perfect-information games:

� Hex: MoHex and AlphaHex demonstrate self-play mastery of this PSPACE-complete game (Gao et al.,
2017).

� Othello: Early testbed for neural network self-play, now essentially solved by MCTS methods.

� Connect Four: Serves as pedagogical example for self-play convergence analysis.

� Amazons, Havannah: More complex combinatorial games tackled through AlphaZero-style approaches.

4.2 Training Dynamics in Symmetric Self-Play

4.2.1 Stability and Non-Transitivity

A central challenge in self-play is non-transitivity : strategy A beats B, B beats C, but C beats A. In
symmetric games, this manifests as:

Observation 3 (Training Oscillations). Without historical opponent retention, self-play in symmetric games
can exhibit cycling behavior where the agent alternately learns and forgets strategies, leading to “strategy
collapse” rather than improvement.

Mitigation strategies include:

� Historical pool: Playing against past versions (used in AlphaGo Zero).

� Checkpoint averaging: Maintaining an exponential moving average of parameters.

� Regularization: Preventing rapid policy changes through KL penalties.

� Diverse opponents: MCTS provides implicit diversity through stochastic search.

4.2.2 The Role of Search

MCTS plays a crucial role in stabilizing self-play by providing:

1. Improved targets: The search policy π is consistently stronger than the raw network policy p,
creating a reliable training signal.

2. Exploration: Random MCTS rollouts discover novel strategies not in the network’s current policy.

3. Value correction: Search-backed value estimates are more accurate than raw network predictions.

Conjecture 2 (Search as Stabilizer). In MCTS-guided self-play, the search component acts as an implicit
regularizer that prevents catastrophic forgetting by maintaining strategy diversity through lookahead. The
removal of search would cause training instability proportional to the game’s non-transitivity.
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Naive self-play can cycle through strategies
(A beats B, B beats C, C beats A)

while overall strength slowly improves.

Non-Transitive Strategy Dynamics in Self-Play
("Spinning Top" Pattern)

Current policy
Initial policy

Figure 4: Illustration of non-transitive “spinning top” dynamics in self-play (Czarnecki et al., 2020). The
training trajectory spirals outward, showing that overall strength improves (radius increases) while cycling
through strategies (angular motion). Naive self-play in complex games produces this pattern, motivating
population-based approaches.

4.3 Efficiency Improvements

A major research direction has been improving the computational efficiency of self-play training:
Key efficiency innovations include:

� Gumbel AlphaZero (Danihelka et al., 2022): Replaces PUCT selection with a Gumbel-based policy
improvement operator, reducing search budget requirements.

� EfficientZero (Ye et al., 2021): Achieves human-level Atari performance with just 2 hours of game
experience through model-based self-play.

� KataGo (Wu, 2020): Achieves AlphaZero-level Go play at ∼1/100th the compute through auxiliary
training objectives, playout cap randomization, and better hyperparameters.

� Distributed self-play: Parallelizing game generation across thousands of workers (Linscott et al., 2018).

4.4 Beyond Two-Player: Multi-Player Symmetric Games

Extension to n-player symmetric games introduces additional challenges:

� Nash equilibria may not be unique or desirable (cooperation vs. exploitation).

� Self-play alone cannot discover cooperative equilibria without communication.
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Table 3: Compute efficiency improvements in Go self-play training relative to AlphaGo Zero.

System Relative Compute Elo Key Innovation

AlphaGo Zero 1.0× ∼5185 Baseline
AlphaZero 0.3× ∼5200 Faster training
KataGo 0.01× ∼5000+ Curriculum + auxiliary targets
EfficientZero 0.002× N/A Sample efficiency (Atari)
Gumbel AlphaZero 0.1× Comparable Policy improvement operator

� Population diversity becomes critical for avoiding collusion.

Notable applications include multi-player variants of board games and simplified economic games where
self-play populations develop emergent social norms (Leibo et al., 2017).

4.5 Adversarial Self-Play and Robustness

A crucial insight from recent work: self-play trained agents, despite their superhuman performance, may
harbor exploitable weaknesses. Wang et al. (2023a) demonstrated that adversarial policies trained through
targeted self-play can defeat superhuman Go AIs (including KataGo) by exploiting blind spots that emerge
from the training distribution.
This has important implications:

� Robustness gap: Self-play converges to “most likely” Nash equilibrium strategies but may leave rare
states unexplored.

� Adversarial curriculum: Training against adversarially-designed opponents can improve robustness.

� Population diversity as defense: Maintaining diverse training opponents (as in league training) pro-
vides natural robustness.

� Regret-based environment design: PAIRED (Dennis et al., 2020) proposes adversarial environment
generation that maximizes protagonist’s regret, providing a principled auto-curriculum.

Czarnecki et al. (2020) provided theoretical insight into this phenomenon, showing that many real-world
games exhibit “spinning top” dynamics—a combination of monotonic skill improvement and non-transitive
cycling—explaining why both progress and vulnerability coexist in self-play systems.

4.6 Emergent Complexity Through Competition

Bansal et al. (2018) demonstrated that multi-agent self-play in simple physics environments produces emer-
gent complexity: agents develop sophisticated behaviors (running, blocking, evading) that no individual
reward function would elicit. The key mechanism is co-adaptation: as one agent develops a new capability,
it creates selection pressure for the opponent to develop counter-capabilities.
Sukhbaatar et al. (2018) formalized this through asymmetric self-play : one agent (Alice) proposes tasks

by acting in the environment, and another (Bob) must replicate or undo Alice’s actions. This creates an
automatic curriculum where task difficulty increases as Alice becomes more capable—a mechanism that
connects directly to the POET (Wang et al., 2019) paradigm of co-evolving challenges and solutions.

4.7 Connections to Generative Adversarial Networks

Self-play in symmetric games bears deep structural similarity to GANs (Goodfellow et al., 2014): both are
two-player zero-sum games whose training signal is an adversary, and whose characteristic failure modes
(strategy cycling, mode collapse) mirror each other. We consolidate this connection—including the full
concept-by-concept correspondence (Table 11), the convergence results that transfer between the two settings,
and the SPIN-as-GAN reading for LLMs—in Section 7.12, after the LLM self-play methods it illuminates
have been introduced.
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Table 4: Key findings and open questions in symmetric self-play.

Finding Implication

Self-play from scratch surpasses human expertise Human data is unnecessary and potentially
limiting

MCTS is critical for stability Search acts as implicit regularizer against cy-
cling

Efficiency can be improved 100× Not fundamentally compute-bound; algorith-
mic gains dominate

Adversarial attacks exploit blind spots Self-play alone doesn’t guarantee robustness
to out-of-distribution play

Emergent complexity scales with population Competition drives innovation beyond indi-
vidual optimization

4.8 Why Symmetric Games Are the Ideal Self-Play Setting

The remarkable success of self-play in symmetric perfect-information games is not accidental—it arises from
a confluence of properties that directly satisfy our theoretical desiderata (Section 3.7):

1. Perfect verification (ϵ = 0): Game rules provide an exact, costless verifier. Every game produces a
definitive outcome (win/draw/loss) with zero noise. By Theorem 3, this eliminates the noise floor entirely,
enabling unbounded improvement.

2. Natural diversity: MCTS provides implicit exploration diversity through stochastic tree search. His-
torical opponent pools provide explicit population diversity. By Theorem 5, this accelerates convergence
proportional to D(P)/K.

3. Symmetric roles: Both players use the same policy, so a single network learns from both sides simultaneously—
doubling the effective training data per game.

4. Bounded state space: Even in Go (10170 states), the relevant strategic subspace is finite, satisfying
Theorem 2’s finite-strategy assumption.

The key lesson for other domains: self-play’s extraordinary success in board games is not a general property
of the paradigm but a consequence of these favorable conditions. When we move to imperfect-information
games (Section 5), the loss of perfect observability introduces ϵ > 0; when we move to LLMs (Section 7),
the loss of a perfect verifier is the critical limitation. Understanding why symmetric games work so well is
essential for predicting where self-play will and will not transfer.

4.9 Summary of Key Findings in Symmetric Self-Play

5 Self-Play in Asymmetric and Imperfect-Information Games

Moving beyond symmetric perfect-information settings introduces fundamental challenges for self-play. Asym-
metric games require agents to learn distinct role-specific strategies, while imperfect-information games de-
mand reasoning about beliefs and information hiding. This section surveys major advances in both categories.

5.1 Real-Time Strategy Games

5.1.1 AlphaStar: League Training for StarCraft II

StarCraft II represents a qualitatively different challenge from board games: real-time decision-making,
imperfect information (fog of war), asymmetric factions (Terran, Protoss, Zerg), and an enormous combina-
torial action space. DeepMind’s AlphaStar (Vinyals et al., 2019) achieved Grandmaster level through league
training—a sophisticated extension of self-play.
The League Architecture:

� Main agents: Trained to beat all other agents in the league using Prioritized Fictitious Self-Play (PFSP).
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Table 5: Comparison of self-play approaches in real-time strategy games.

Aspect AlphaStar OpenAI Five

Game StarCraft II Dota 2
Self-play type League (multi-agent) Naive + historical
Population size ∼600 agents Single agent + checkpoints
Non-transitivity handling Diverse agent types Randomized past opponents
Training duration 44 days 10 months
Key challenge Strategy cycling Long time horizons
Peak performance Grandmaster (top 0.2%) Beat OG (TI champions)

� League exploiters: Specialists that find weaknesses across the entire population.

� Main exploiters: Target specifically the main agents’ weaknesses.

The league approach was motivated by the severe non-transitivity in StarCraft: naive self-play produces
agents that cycle through strategies (“rock-paper-scissors” dynamics) rather than converging to robust play.
Key design decisions:

� Historical agents are never deleted : the league grows monotonically.

� PFSP matchmaking prioritizes opponents against which the learner has ∼50% win rate.

� Training ran for 44 days with ∼600 agents on TPU v3 pods.

� Each agent specialized through different reward shaping and opponent selection.

5.1.2 OpenAI Five: Self-Play for Dota 2

OpenAI Five (Berner et al., 2019) achieved professional-level play in Dota 2 using a simpler self-play approach
than AlphaStar:

� 80% of games against the current policy, 20% against past versions.

� Trained using PPO (Schulman et al., 2017) with a 17,000-dimensional observation space.

� 10 months of training at massive scale (128,000 CPU cores, 256 GPUs).

� Demonstrated emergent team coordination without explicit communication.

Comparison with AlphaStar:

5.2 Imperfect-Information Games

5.2.1 Poker: From Heads-Up to Multiplayer

Poker has been a primary testbed for self-play in imperfect-information settings:
DeepStack (Moravcik et al., 2017): The first computer program to defeat professional poker players at

heads-up no-limit Texas Hold’em, using continual re-solving with deep neural networks to avoid full-game
strategy computation.
Libratus and Pluribus (Brown and Sandholm, 2017, 2019b): Brown and Sandholm’s poker AI systems

achieved superhuman play through:

� Blueprint computation via Monte Carlo CFR (self-play in an abstracted game).

� Real-time subgame solving during play (nested self-play within subgames) (Brown et al., 2020).

� Pluribus extended to 6-player no-limit Texas Hold’em—the first superhuman multiplayer poker AI.

� Heads-up limit Hold’em was formally solved by Bowling et al. (2015), proving that CFR-based self-play
converges to a Nash equilibrium even in large extensive-form games.

23



Player of Games (Schmid et al., 2021): A unified algorithm that handles both perfect and imperfect-
information games through a single self-play framework, combining growing-tree search with counterfactual
value estimation. Player of Games achieves strong performance across Go, chess, and poker simultaneously—
the first system to demonstrate general-purpose self-play across game types.
Key insight: In imperfect-information games, the average strategy from self-play converges to Nash

equilibrium, not the final strategy. This necessitates either strategy averaging or regret-based approaches.

5.2.2 Mahjong

Mahjong presents unique challenges due to 4-player dynamics, tile-drawing randomness, and complex scoring:

� Suphx (Li et al., 2020): Microsoft’s Mahjong AI used self-play with oracle guiding, achieving 10-dan
level on Tenhou platform—demonstrating that self-play extends to stochastic multi-player imperfect-
information settings.

� Variational oracle guiding (Han et al., 2022): Subsequent work formalized Suphx’s oracle-guiding
trick variationally, improving the transfer of perfect-information self-play knowledge to the imperfect-
information policy.

5.2.3 Hanabi: Cooperative Imperfect Information

Hanabi (Bard et al., 2020) uniquely combines cooperation with imperfect information—players can see others’
cards but not their own. Self-play in Hanabi produces agents that develop:

� Emergent conventions (signaling through action choices).

� Theory-of-mind reasoning about partner beliefs.

� However, self-play agents often develop arbitrary conventions incompatible with human partners.

5.2.4 Stratego: DeepNash

Stratego presents extreme imperfect information: a 10 × 10 board where piece identities are hidden until
combat. DeepNash (Perolat et al., 2022) achieved expert-level play through:

� Regularized Nash Dynamics (R-NaD): A novel model-free MARL algorithm that converges to ap-
proximate Nash equilibria without requiring search.

� Self-play population: Training against historical versions with prioritized matchmaking.

� No search at test time: Unlike AlphaZero, DeepNash achieves strong play with a single forward pass,
demonstrating that self-play can internalize strategic reasoning.

5.2.5 Chinese Card Games: DouZero

DouZero (Zha et al., 2021) mastered DouDiZhu (a popular Chinese card game with 3 players and asymmetric
roles) through:

� Deep Monte Carlo self-play without explicit opponent modeling.

� Separate networks for each role (landlord vs. peasants).

� Demonstrated that simple self-play can achieve superhuman performance even in asymmetric multiplayer
settings.

5.3 Student of Games: Unifying Perfect and Imperfect Information

Student of Games (SoG) (Schmid et al., 2023) represents an attempt to unify self-play across game types,
combining:

� Growing-tree counterfactual regret minimization.

� Self-play for policy optimization.

� A single algorithm handling both Go (perfect information) and poker (imperfect information).

While not achieving state-of-the-art in either domain, SoG demonstrates the feasibility of a unified self-play
framework.
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5.4 Mixed-Motive Games: Diplomacy

Diplomacy represents the frontier of self-play complexity: a 7-player game requiring natural language ne-
gotiation, alliance formation, and strategic betrayal. Meta’s CICERO (Meta Fundamental AI Research
Diplomacy Team (FAIR), 2022b,a) achieved human-level play through a hybrid approach:

� Strategic reasoning: Self-play trained policy for move selection.

� Natural language: LLM-based dialogue generation for negotiation.

� Planning: Search over possible agreements and betrayals.

� Theory of mind: Modeling other players’ intentions and beliefs.

CICERO demonstrates that self-play can extend beyond pure strategy to domains requiring social intel-
ligence—a critical stepping stone toward real-world multi-agent applications.

Observation 4 (Self-Play and Deception). Self-play in mixed-motive games naturally discovers deceptive
strategies: agents learn to make commitments they intend to break, feign cooperation before betrayal, and
model opponents’ trust levels. This emergent deception raises important safety questions for self-play-trained
language models, where similar dynamics might produce models that strategically deceive their overseers.

5.5 Imperfect-Information Self-Play: Theoretical Challenges

The fundamental theoretical challenge of self-play in imperfect-information games deserves emphasis:

Observation 5 (Why Naive Self-Play Fails in Imperfect-Info Games). In imperfect-information games, the
current strategy is not the right training target. Consider poker: if both players adopt the same strategy σ,
the best response to σ may differ from the Nash equilibrium strategy. Specifically:

� In perfect-info zero-sum games: Nash = minimax = limit of self-play.

� In imperfect-info zero-sum games: Nash = limit of average strategy from self-play (not the final strat-
egy).

� This is why CFR averages iterates, and why ReBeL (Brown et al., 2020) combines RL with search in
a belief space.

5.6 Cooperative Self-Play and Communication

While most self-play research focuses on competitive settings, cooperative self-play has produced significant
results:

5.6.1 Emergent Communication

Foerster et al. (2016) demonstrated that self-play in cooperative settings can produce emergent communica-
tion protocols. When agents must coordinate but can only communicate through learned channels, self-play
pressure drives the evolution of meaningful signals:

� Agents develop grounded communication that refers to environment states.

� Communication complexity increases with task complexity.

� However, self-play communication is often brittle: agents develop arbitrary conventions that fail with novel
partners.

5.6.2 Cooperative Multi-Agent RL

Lowe et al. (2017) introduced MADDPG for mixed cooperative-competitive settings, enabling self-play where
agents learn both to cooperate within teams and compete against opponents. This approach was scaled to
OpenAI Five (Berner et al., 2019), where 5 agents learned team coordination purely through self-play without
explicit communication channels.
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5.6.3 The Zero-Shot Coordination Problem

A fundamental limitation of cooperative self-play: agents trained together develop arbitrary conventions that
prevent coordination with novel partners. This “zero-shot coordination” (ZSC) problem (Hu et al., 2020)
motivates a growing literature:

� Other-play (Hu et al., 2020): Training against symmetrically-transformed versions of the partner’s policy
to discover convention-free strategies.

� Trajectory diversity (Lupu et al., 2021): Explicitly maximizing behavioral diversity in the population
to improve ZSC generalization.

� Population-based cooperative training (Yu et al., 2022): Even simple PPO with self-play achieves
surprisingly strong cooperative performance, challenging the need for complex algorithms.

� Human-AI coordination (Carroll et al., 2019; Strouse et al., 2021): Learning to coordinate with humans
by training against human models, not just self-play partners.

� ZSC evaluation (Wang et al., 2024c): Standardized benchmarks for measuring zero-shot coordination
ability across diverse partner populations.

The emergence of LLM-based agents has added a new dimension: language enables explicit coordination
through natural language communication (Lazaridou and Baroni, 2020), potentially resolving the convention
problem that plagues non-linguistic cooperative self-play.

5.6.4 Theoretical Challenges of Cooperative Self-Play

Cooperative self-play poses fundamentally different theoretical challenges from competitive settings:

Observation 6 (No Unique Fixed Point in Cooperative Self-Play). Unlike competitive self-play where the
Nash equilibrium provides a unique target (in zero-sum games), cooperative self-play has multiple equilibria
with identical payoffs but different conventions. In Hanabi, any consistent signaling convention achieves
optimal play—the challenge is not finding an equilibrium but finding one that is convention-free (compatible
with novel partners).

This multiplicity means our Theorem 2 (monotonic improvement) does not directly apply: converging to
one equilibrium provides no guarantee of coordination with agents that converged to a different one. The
relevant metric is not exploitability but cross-play score—performance when paired with independently-
trained partners (Hu et al., 2020). Maximizing cross-play requires that the learned strategy be invariant to
the choice of convention, which Hu et al. (2020) formalize through symmetry-breaking: policies that rely on
arbitrary indexing (“card 1 means X”) fail at ZSC, while policies based on symmetric features generalize.
Recent work on Overcooked (Carroll et al., 2019) reveals a practical failure mode: self-play agents develop

highly efficient but fragile coordination patterns (e.g., one agent always goes left) that collapse with human
partners who don’t share these conventions. Population-based methods partially address this, but a complete
theory of convention-free cooperative self-play remains an important open problem connecting game theory,
cognitive science, and multi-agent systems.

5.7 Challenges Specific to Non-Symmetric Settings

Observation 7 (Asymmetry Breaks Naive Self-Play). In asymmetric games, a single agent playing both
sides may develop coupled strategies that exploit knowledge of its own play style rather than genuine strategic
depth. This is evidenced by AlphaStar’s initial struggles with inter-race matchups.

Key challenges include:

� Role asymmetry: Different strategies needed for each role/faction.

� Information asymmetry: Agents must learn to hide information (bluffing).

� Evaluation difficulty: Exploitability is computationally intractable in large games.

� Strategy space complexity: Non-transitive dynamics are more severe.
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Table 6: Verification quality across non-symmetric self-play domains. As ϵ increases, systems require more
sophisticated mechanisms to ensure improvement.

System Effective ϵ Compensation Mechanism Consequence

Poker (CFR) ≈ 0 (regret bounds) Mathematical convergence guarantee Provably approaches Nash
StarCraft (AlphaStar) ≈ 0 (win/loss) League training + diverse opponents Empirical robustness
Stratego (DeepNash) ≈ 0 (win/loss) R-NaD regularization Provable convergence
Diplomacy (CICERO) > 0 (NL evaluation) Language model + planning module Human-level but exploitable
Cooperative (Hanabi) Undefined (no opponent) Population diversity + conventions Fragile to novel partners

5.8 The Verification Spectrum in Non-Symmetric Games

The systems surveyed in this section illustrate how verification quality degrades as we move away from
symmetric perfect-information settings, and how each domain compensates:
The progression from poker (ϵ = 0, proven Nash convergence) through StarCraft (ϵ = 0 but intractable

exploitability measurement) to Diplomacy (ϵ > 0, natural language introduces noise) precisely tracks our
Theorem 3’s prediction: as verification quality degrades, self-play requires increasingly sophisticated com-
pensating mechanisms (larger populations, explicit regularization, hybrid architectures) and achieves weaker
guarantees. This pattern foreshadows the challenge of LLM self-play (Section 7), where verification noise is
the dominant limitation.

6 Population-Based Methods and Auto-Curriculum

Single-agent self-play can suffer from forgetting, cycling, and lack of diversity. Population-based methods
address these limitations by maintaining and co-evolving a collection of strategies. This section covers the
major population-based approaches to self-play.
▶ Running example. On our math-solving thread, naive self-play trains the model only against its latest
self—risking that it forgets problem types it once solved. A population approach instead keeps a roster of
past checkpoints (and perhaps specialized solvers) and samples problems and opponents across them, so the
model must stay competent on the whole distribution rather than chase its own moving front. PSRO and
league training below formalize how that roster is grown and prioritized.

6.1 Policy-Space Response Oracles (PSRO)

6.1.1 The PSRO Framework

PSRO (Lanctot et al., 2017) provides a principled game-theoretic framework for population-based self-play:

1. Maintain a population of policies Π = {π1, . . . , πk}.

2. Compute a meta-strategy σ over the population (e.g., Nash equilibrium of the empirical payoff matrix).

3. Train a new best response πk+1 against the meta-strategy mixture.

4. Add πk+1 to the population and repeat.

Theorem 6 (PSRO Convergence (Lanctot et al., 2017)). In two-player zero-sum games, PSRO with Nash
equilibrium as the meta-strategy solver converges to an approximate Nash equilibrium as the population grows,
provided each best response is computed sufficiently accurately.

6.1.2 PSRO Variants

The PSRO framework has spawned numerous variants addressing different limitations:

6.1.3 Scalability Challenges

The primary limitation of PSRO is computational cost: each iteration requires training a full best-response
policy, and the meta-game grows quadratically with population size. Approaches to scalability include:

� Pipeline PSRO (P2SRO) (McAleer et al., 2020): Overlaps training of multiple best responses.
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Table 7: PSRO variants and their innovations.
Variant Key Innovation Meta-Solver Application

PSRO (Lanctot et al., 2017) Unified framework Nash General games
DCH (Balduzzi et al., 2019) Diversity via Elo cycling Diverse Non-transitive games
P2SRO (McAleer et al., 2020) Pipeline parallelism Nash Large-scale training
JPSRO (Marris et al., 2021) Joint policy search Correlated eq. General-sum
Anytime PSRO (McAleer et al., 2021a) Continuous training α-Rank Anytime settings
NeuPL (Liu et al., 2022) Single network, multiple heads Population value StarCraft
XDO (McAleer et al., 2021b) Extensive-form oracle Sequence form Sequential games

� Neural Population Learning (NeuPL) (Liu et al., 2022): Maintains all policies in a single network
with conditional heads.

� Unified behavioral and response diversity (Liu et al., 2021): Combines behavioral diversity (different
strategies) with response diversity (different ways to beat each opponent) for more robust open-ended
learning.

� Online PSRO: Continuous population updates without discrete iterations.

The non-stationarity challenges that population methods address are well-surveyed by Hernandez-Leal
et al. (2019b), who identify self-play as a special case where the non-stationarity is endogenous (generated
by the learner’s own improvement).

6.2 Population-Based Training (PBT)

Population-Based Training (Jaderberg et al., 2017) takes a different approach: evolving a population of
agents with different hyperparameters, periodically copying the best-performing agents and mutating their
parameters.
PBT for Self-Play:

� Agents in the population play against each other, creating a diverse training curriculum.

� Hyperparameters (learning rate, exploration, etc.) co-evolve with the policy.

� Applied successfully in Quake III CTF (Jaderberg et al., 2019) and StarCraft II (Vinyals et al., 2019).

6.3 Auto-Curriculum and Open-Ended Learning

6.3.1 The Open-Endedness Problem

A key aspiration of self-play research is open-ended learning : creating systems that continuously generate
novel challenges and solutions without bound. Balduzzi et al. (2019) formalize this aspiration for symmetric
zero-sum games: rather than maximizing a fixed objective, open-ended learners must grow an expanding
population in which each new agent poses challenges the previous generation cannot solve—their gamescape
geometry makes precise when such unbounded strategy sequences exist. Complementing this, Czarnecki et al.
(2020) show that real-world games have a “spinning top” structure whose wide non-transitive midsection
supplies exactly the reservoir of qualitatively distinct strategies that open-ended self-play needs to climb
through. This connects to biological evolution’s capacity for unbounded complexity generation.

Definition 10 (Open-Ended Learning). A learning system is open-ended if it can generate novel, interesting,
and increasingly complex behaviors indefinitely, without human-designed curricula or reward functions.

6.3.2 POET and Enhanced POET

The Paired Open-Ended Trailblazer (POET) (Wang et al., 2019) and Enhanced POET (Wang et al., 2020)
co-evolve environments and agents:

� Environments are parameterized and mutated to create increasingly challenging tasks.

� Agents are transferred between environments, enabling unexpected skill composition.

� The environment-agent co-evolution creates an auto-curriculum without explicit difficulty design.
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6.3.3 XLand and DeepMind’s Open-Ended Agenda

DeepMind’s XLand (Open Ended Learning Team et al., 2021) program represents the largest-scale open-
ended learning experiment:

� Procedurally generated 3D worlds with diverse task types.

� Population of agents trained through self-play and task variation.

� Demonstrates transfer learning and zero-shot generalization to novel tasks.

� XLand 2.0 scales to more complex environments with richer agent interactions.

6.3.4 LLM-Driven Environment Generation

A recent trend (2024–2026) uses LLMs to generate training environments for open-ended learning:

� OMNI-EPIC (Faldor et al., 2024): Uses LLMs for environment description and quality-diversity evalu-
ation, enabling open-ended agent training without fixed tasks.

� The Era of Experience (Silver and Sutton, 2025): David Silver and Richard Sutton’s vision paper
argues AI is entering a new era where agents learn primarily from self-generated experience rather than
human data—a philosophical continuation of AlphaZero’s tabula rasa philosophy.

� OpenELM (Meier et al., 2025): Uses foundation models to drive open-ended evolutionary search, evolving
populations of diverse artifacts (code, images, robots) through quality-diversity algorithms combined with
LLM-based mutation operators.

� XLand-MiniGrid (Nikulin et al., 2023): Provides scalable JAX-based environments for open-ended
meta-RL research, enabling rapid iteration on autocurriculum algorithms.

Conjecture 3 (Open-Ended Self-Play with Foundation Models). The combination of (1) foundation models
as environment generators, (2) population-based self-play for policy diversity, and (3) quality-diversity algo-
rithms for novelty maintenance may provide a sufficient substrate for open-ended learning. The key insight is
that LLMs can play the role of the “environment designer” that was previously the bottleneck in POET-style
systems.

6.4 Diversity Maintenance

A common failure mode of population-based self-play is diversity collapse: all agents converging to similar
strategies. Mechanisms to maintain diversity include:

� Behavioral diversity metrics: Penalizing strategies too similar to existing population members (Bal-
duzzi et al., 2019).

� Quality-Diversity algorithms: MAP-Elites style approaches that maintain a diverse archive (Mouret
and Clune, 2015).

� Information-theoretic regularization: Maximum entropy objectives encourage exploration.

� Explicit niching: Assigning different training objectives or reward functions.

� Game-theoretic diversity: Using α-Rank or Elo cycling to identify and preserve diverse strategies.

6.5 Emergent Complexity from Self-Play Populations

Self-play populations have demonstrated remarkable emergent phenomena:

Observation 8 (Emergent Complexity). When self-play populations are sufficiently large and diverse, they
can produce qualitatively new behaviors not present in any individual agent’s training signal. Examples
include:

� Emergent tool use in hide-and-seek (Baker et al., 2019).

� Emergent communication protocols in Hanabi (Bard et al., 2020).

� Strategic deception in Diplomacy (Meta Fundamental AI Research Diplomacy Team (FAIR), 2022b).

� Phase transitions in strategy complexity as training progresses.
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6.6 Regret-Based Environment Design

A principled approach to auto-curriculum generation uses game-theoretic regret as the objective:

� PAIRED (Dennis et al., 2020): A three-player game between a protagonist (learning agent), antagonist
(adversary), and environment designer (teacher). The teacher generates environments that maximize the
regret—the gap between antagonist and protagonist performance—ensuring the curriculum is appropri-
ately challenging but not impossible.

� ACCEL (Parker-Holder et al., 2022): Evolves curricula using a regret-based fitness function, combining
evolutionary methods with PAIRED’s game-theoretic foundation for more efficient curriculum search.

� Maestro (Samvelyan et al., 2023): Extends environment design to multi-agent settings, designing envi-
ronments that promote emergent coordination and competition.

Observation 9 (Self-Play as Curriculum Design). All population-based self-play methods can be viewed
as implicit curriculum design: the population of opponents is the curriculum. The progression from naive
self-play (single opponent = flat curriculum) to league training (diverse population = rich curriculum) to
regret-based design (optimized curriculum) represents increasing sophistication in this curriculum generation
process.

6.7 Critical Assessment

Despite their theoretical appeal, population-based methods face practical challenges:

� Computational overhead: Maintaining a population of K agents requires K× the training resources,
with diminishing returns as K grows (Parker-Holder et al., 2020).

� Meta-game intractability: Computing the Nash equilibrium of the meta-game becomes intractable as
the population grows (the payoff matrix is K ×K). The unified approach of Sokota et al. (2023) provides
partial solutions through quantal response equilibria.

� Oracle quality: PSRO assumes accurate best responses, but in practice, approximate best responses
may not converge (McAleer et al., 2022).

� Evaluation challenge: How to determine if a population has sufficient diversity remains an open ques-
tion. Current metrics (behavioral distance, game-theoretic diversity (Parker-Holder et al., 2020; Lupu
et al., 2021)) are proxies without clear thresholds.

� Curriculum efficiency: Auto-curriculum methods (Jiang et al., 2021; Narvekar et al., 2020) aim to
maximize learning efficiency, but the optimal curriculum generation problem is itself computationally
hard.

Observation 10 (When Are Population Methods Worth Their Cost?). Our theoretical framework (Sec-
tion 3.7) provides a quantitative answer: population methods are justified when either (a) the game is highly
non-transitive (single-agent self-play cycles), or (b) the convergence term Vmaxn/T dominates (large strategy
space, limited compute), so the diversity acceleration factor (1 +D/(2K)) from Corollary 1 provides mean-
ingful speedup. In contrast, for well-behaved games with moderate strategy spaces (chess, Go), single-agent
self-play with historical opponents suffices—AlphaZero does not need a population. The key diagnostic: if
Elo oscillates rather than monotonically increasing, population diversity is needed.

The population-based methods and open-ended learning approaches surveyed in this section represent the
most sophisticated instantiation of self-play in game-like settings. In the next section, we turn to an entirely
different modality—language—where these same principles (diversity, verification, iterative improvement)
are being adapted in surprising ways.
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Table 8: Notable emergent behaviors from population-based self-play.

System Domain Emergent Behavior

Hide & Seek (Baker et al.,
2019)

Physics env Tool use, fort building, ramp
surfing

OpenAI Five Dota 2 Team coordination without
communication

AlphaStar League StarCraft II Counter-strategy specialization
CICERO (Meta Fundamen-
tal AI Research Diplomacy
Team (FAIR), 2022b)

Diplomacy Natural language negotiation +
strategic deception

XLand 3D worlds Zero-shot generalization to
novel tasks

7 Self-Play for Large Language Models

Perhaps the most significant recent development in self-play research is its application to large language
model (LLM) training and alignment. Beginning with OpenAI’s o1 (OpenAI, 2024a) and DeepSeek-R1
(DeepSeek-AI, 2025), which demonstrated that large-scale RL self-play can produce emergent reasoning
capabilities rivaling human experts, the paradigm has rapidly expanded. This section surveys the emerging
landscape where LLMs improve through various forms of self-competition, self-evaluation, and self-generated
training data.
▶ Running example. This is where our math-solving thread becomes concrete at scale. The “verifier” is
now a grader for the model’s solutions—a proof checker or test suite when the answer is checkable, a learned
reward model when it is not. The central thesis bites hardest here: a perfect grader (Section 1.5) lets self-
play improve without bound (DeepSeek-R1), while a leaky reward model caps it—exactly the regime our
verifier-noise experiment (Section 8) probes by injecting a controlled error rate into the grader of a 285B
math self-play run.

7.1 Motivation: From Games to Language

The translation of self-play from games to language models is motivated by parallel challenges:

� Data scarcity: Human preference data is expensive; self-play generates unlimited training signal (Chris-
tiano et al., 2017).

� Scalable oversight: As models surpass human ability, self-play enables improvement without stronger
oracles (Burns et al., 2023).

� Alignment: Self-play can discover failure modes through adversarial self-testing (Perez et al., 2022).

� Capability amplification: Models can teach themselves through iterative self-improvement (Singh et al.,
2024).

The idea predates the LLM era: Lewis et al. (2017) trained end-to-end negotiation dialogue agents with RL
self-play on the “Deal or No Deal” bargaining task, observing both genuine strategic behavior and an early
warning sign—agents drifting away from human language when optimized purely against each other—that
anticipates the distribution-collapse concerns of modern LLM self-play (and the hybrid design of CICERO,
Section 5).
However, fundamental differences exist. Unlike games, language lacks:

� A well-defined win condition or verifiable ground truth (though formal domains like math and code provide
partial exceptions (Cobbe et al., 2021)).

� Perfect information about the “state” (conversation context is incomplete).

� Clear Nash equilibrium concepts—though recent work on Nash Learning from Human Feedback (Munos
et al., 2024) formalizes preference optimization as a two-player game with a well-defined Nash solution.
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7.2 SPIN: Self-Play Fine-Tuning

Self-Play fIne-tuNing (SPIN) (Chen et al., 2024c) adapts the two-player game framework to LLM improve-
ment:
Framework:

� Main player (new model πθt+1
): Learns to distinguish human responses from self-generated ones.

� Opponent (old model πθt): Generates responses attempting to be indistinguishable from human data.

Training objective:

L(θ) = Ex∼D

[
ℓ

(
λ log

pθ(y|x)
pθt(y|x)

, y ∼ phuman

)
− ℓ

(
λ log

pθ(y
′|x)

pθt(y
′|x)

, y′ ∼ pθt

)]
(21)

Key results:

� Starting from Zephyr-7B-SFT, SPIN matches DPO performance using GPT-4 labels—without needing
GPT-4.

� Theoretical convergence when model distribution matches human distribution.

� Improves across MT-Bench, HuggingFace Open LLM Leaderboard.

7.3 Self-Play Preference Optimization (SPPO)

SPPO (Wu et al., 2024) extends self-play to preference optimization:

� Two copies of the model generate responses; a preference model judges.

� The winner’s response is used as positive example, loser as negative.

� Iterative improvement without external human preference data.

� Connected to Nash bargaining and minimax optimization of preference margins.

� Direct Nash Optimization (DNO) (Rosset et al., 2024) extends this framework to general preference
functions, proving convergence to a Nash equilibrium under mild conditions.

The game-theoretic formulation of preference learning has been further developed by Munos et al. (2024),
who prove that RLHF can be cast as a two-player constant-sum game where the Nash equilibrium corresponds
to the optimal policy under the true preference distribution. This provides the first rigorous theoretical
justification for treating LLM alignment as self-play. Related online iterative approaches (Calandriello et al.,
2024; Xu et al., 2024) demonstrate that iterative self-play preference training consistently outperforms single-
round DPO (Rafailov et al., 2023). Beyond symmetric response-vs.-response competition, eva (Ye et al.,
2024) casts post-training as an asymmetric creator–solver game: the creator evolves informative prompts
(selected by regret-based signals) while the solver learns preferred responses, echoing the asymmetric self-play
curriculum of Sukhbaatar et al. (2018) (Section 4) in the alignment setting.

7.4 Self-Rewarding Language Models

Meta’s self-rewarding LM approach (Yuan et al., 2024) trains models to:

1. Generate candidate responses to prompts.

2. Judge their own responses (self-as-reward-model).

3. Train on self-judged preference pairs.

This creates a complete self-play loop where the model serves as both generator and critic, iteratively
improving both capabilities simultaneously.

32



7.5 Debate and Scalable Oversight

7.5.1 AI Debate

The AI debate framework (Irving et al., 2018) proposes that two AI models argue opposing positions, with
a human judge selecting the winner:

� Under certain assumptions, the equilibrium strategy is honest argumentation.

� Models self-play to find the strongest arguments for/against any position.

� Provides scalable oversight: humans judge debates rather than directly evaluating complex outputs.

7.5.2 Debate Training

Recent work (Khan et al., 2024) has demonstrated that:

� Models trained through debate show improved truthfulness.

� Self-play debate creates adversarial pressure to find and present evidence.

� Multi-turn debate produces more nuanced arguments than single-turn.

7.6 Constitutional AI and Self-Critique

Anthropic’s Constitutional AI (CAI) (Bai et al., 2022b) represents a form of self-play where:

� The model generates responses, then critiques itself against a set of principles.

� Self-revision creates improved responses used for training.

� RLAIF (RL from AI Feedback) uses the model’s own judgments as reward signal.

� The “constitution” provides the game rules; self-play discovers compliant behavior.

7.7 Self-Play for Reasoning

7.7.1 Self-Play Fine-Tuning for Mathematical Reasoning

Recent work has applied self-play specifically to improve LLM reasoning:

� STaR (Self-Taught Reasoner) (Zelikman et al., 2022): Models generate rationales and learn from
those that produce correct answers—a form of self-play where the model bootstraps its own reasoning
supervision.

� Verifier-guided self-training (Cobbe et al., 2021; Uesato et al., 2022): Generate solutions, verify with
outcome or process reward models, and retrain on correct ones. Hosseini et al. (2024) show that verifiers
themselves can be self-trained (V-STaR), creating a fully self-contained improvement loop.

� Adversarial language games (Cheng et al., 2024): SPAG has two copies of the model play Adversarial
Taboo—an attacker steering the conversation toward a hidden word against a defender trying to infer
it—and shows that RL on the game outcomes improves performance on reasoning benchmarks outside
the game, evidence that adversarial language self-play trains transferable skills rather than game-specific
tricks.

� Self-proposed curricula (Zhao et al., 2025): Absolute Zero pushes the tabula rasa philosophy to its limit
for reasoning: a single model proposes coding/math tasks calibrated to its own ability, solves them, and
is rewarded by an executor-based verifier—achieving strong reasoning gains with zero external training
data. This instantiates our central thesis directly: the perfect (executable) verifier is what allows the
self-proposing loop to avoid collapse.

� MCTS-guided reasoning: Applying AlphaZero-style search to language model decoding (Yao et al.,
2023; Wang et al., 2023b).

� Inference-time scaling (Snell et al., 2024): Demonstrates that optimally allocating test-time compute
through self-play search can be more effective than scaling model parameters.
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7.7.2 MCTS-Guided Self-Play for Reasoning

The AlphaZero paradigm has been directly adapted for language model reasoning, creating a compelling
bridge between game-theoretic self-play and LLM improvement:

� rStar-Math (Guan et al., 2025): Demonstrates that small LLMs (7B) can achieve frontier-level math
reasoning through MCTS-based self-play. The model generates reasoning steps as tree nodes, a process
reward model provides value estimates, and the system iteratively evolves both policy and verifier through
self-generated data.

� MCTSr (Zhang et al., 2024b): Integrates MCTS with LLM self-refinement, using UCB-guided exploration
of reasoning strategies to achieve GPT-4-level performance on mathematical olympiad problems with small
models.

� ReST-MCTS* (Zhang et al., 2024a): Combines process reward models with tree search for self-training,
enabling iterative improvement without human step-level annotations.

� AlphaZero-like tree search for LLMs (Feng et al., 2023): Directly applies the PUCT algorithm and
self-play training loop from AlphaZero to guide LLM decoding and training.

� Iterative Preference from MCTS (Xie et al., 2024): Uses MCTS to generate preference pairs (winning
vs. losing reasoning paths) for iterative DPO training, bootstrapping the self-play loop without human
preference data.

� Iterative Reasoning Preference Optimization (Pang et al., 2024): Combines chain-of-thought gen-
eration with iterative preference learning, where each round of self-play generates better reasoning traces
that become the next round’s training data.

Table 9 organizes these methods along the axes that matter for the AlphaZero-to-LLM transfer: what
plays the role of the search tree, where the value signal comes from, and how the self-play loop is closed. The
shared pattern is unmistakable—tree search over partial reasoning, a learned value/process model standing
in for AlphaZero’s value network, and self-generated traces feeding the next training round—but the methods
differ in whether search is used only at training time, only at inference, or both, and in how strong a verifier
they assume.

Table 9: MCTS-guided self-play methods for LLM reasoning, organized by the AlphaZero analogy. “Search
phase” indicates whether tree search is used during training, inference, or both; “Value signal” is the analogue
of AlphaZero’s value network.
Method Tree node Value signal Search phase Self-play loop

rStar-Math (Guan et al., 2025) Reasoning step Process RM (co-evolved) Train + infer Policy and PRM itera-
tively bootstrapped from
self-generated traces

MCTSr (Zhang et al., 2024b) Refinement state Self-reward (UCB) Inference Self-refinement over reason-
ing strategies

ReST-MCTS* (Zhang et al., 2024a) Reasoning step Process RM Train + infer Tree search produces self-
training data without step
labels

AlphaZero-like (Feng et al., 2023) Token/step Learned value Train + infer PUCT + self-play training
loop ported directly

Iter. Pref. from MCTS (Xie et al., 2024) Reasoning path Outcome/PRM Train Tree yields preference pairs
for iterative DPO

Iterative RPO (Pang et al., 2024) CoT trace Outcome reward Train Winning traces become
next-round training data

Observation 11 (The AlphaZero-LLM Analogy). The MCTS + neural network + self-play paradigm from
AlphaZero maps remarkably well onto LLM reasoning:

� Policy network → LLM generating next reasoning step.

� Value network → Process reward model evaluating partial solutions.
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� MCTS → Tree search over reasoning paths.

� Self-play games → Self-generated math/code problems.

The key difference: in games, the outcome is binary (win/lose); in reasoning, verification requires either
formal proof checkers or learned reward models.

7.7.3 Process Reward Models as Self-Play Signal

Process Reward Models (PRMs) (Lightman et al., 2023) enable step-level self-play (we discuss state-of-the-art
PRM methods including OmegaPRM and STILL-2 in the next subsection):

� The model generates reasoning chains; the PRM evaluates each step.

� Self-play involves the generator trying to fool the verifier.

� Analogous to generator-discriminator dynamics in GANs.

� Snell et al. (2024) show that optimally scaling test-time compute (via search with PRMs) can outperform
simply scaling model parameters, establishing a theoretical connection to the AlphaZero insight that search
amplifies neural network capabilities.

7.7.4 Formal Theorem Proving as Self-Play

Mathematical theorem proving provides a uniquely clean setting for LLM self-play because the verifier (proof
assistant) is perfect :

� DeepSeek-Prover (Xin et al., 2024): Combines RL from Lean 4 proof assistant feedback with MCTS,
using the binary correctness signal as a game-theoretic outcome for self-play training.

� AlphaProof (Google DeepMind, 2024): Google DeepMind’s system achieved IMO silver-medal level by
combining AlphaZero-style self-play RL with formal verification, training on self-generated increasingly
difficult mathematical problems.

� Kimina-Prover (Wang et al., 2025a): Applies large-scale RL to formal theorem proving, representing
the “large reasoning model” approach to mathematical self-play.

The formal verification setting eliminates the key failure mode of LLM self-play—unreliable self-evaluation—
making it a proving ground for self-play-based improvement at scale.

7.8 Self-Improvement and Iterative Refinement

Beyond the game-theoretic framing, self-play in LLMs manifests as iterative self-improvement—a process
where models generate, evaluate, and learn from their own outputs.

7.8.1 Self-Refine and Reflexion

Self-Refine (Madaan et al., 2023) demonstrates a simple but effective self-play loop:

1. Generate an initial output.

2. Self-critique: identify weaknesses in the output.

3. Self-improve: revise based on the critique.

4. Repeat until convergence or budget exhaustion.

While not involving explicit training, Self-Refine shows that inference-time self-play can improve output
quality significantly (up to 20% improvement on reasoning tasks). Reflexion (Shinn et al., 2023) extends this
to multi-episode settings where the agent maintains a “verbal memory” of past failures, using self-generated
feedback to improve across attempts—analogous to self-play where the agent competes against its own past
failures rather than past policies.
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Figure 5: Architecture comparison of six major LLM self-play methods, categorized by their underlying
mechanism: game-theoretic framing (SPIN, Debate), self-improvement loop (SPPO, CAI), and search +
verification (Self-Reward, rStar/MCTS).

7.8.2 Iterative Reasoning Preference Optimization

Pang et al. (2024) combine self-play with chain-of-thought reasoning:

� Generate multiple reasoning traces for each problem.

� Use correctness as the self-play signal (correct vs. incorrect chains).

� Train preference model on self-generated positive/negative pairs.

� Iterate: improved model generates better training data.

7.8.3 SALMON: Self-Alignment

SALMON (Sun et al., 2024) frames alignment as self-play by training an “instructable reward model” that the
LLM uses to evaluate and improve its own outputs, creating a closed-loop system where both the generator
and the evaluator are the same model at different stages.

7.9 Reasoning Models: The RL Self-Play Revolution (2024–2025)

The year 2024 marked a watershed moment when RL-based self-play produced reasoning capabilities previ-
ously thought to require explicit instruction. OpenAI’s o1 (OpenAI, 2024a) was the first production system
to demonstrate that large-scale RL self-play (with chain-of-thought as the action space and correctness as the
reward) could produce models that “think before answering,” achieving dramatic improvements on math,
code, and scientific reasoning benchmarks. The o1 system card (OpenAI, 2024b) revealed that the model’s
reasoning emerges entirely from self-play RL, without explicit training on reasoning traces. Concurrently,
the Qwen team’s QwQ (Qwen Team, 2024) demonstrated similar emergent reasoning through self-play RL
at a smaller scale.
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7.9.1 DeepSeek-R1

DeepSeek-R1 (DeepSeek-AI, 2025), built on the DeepSeek-V3 base model (DeepSeek-AI, 2024), represents
the most detailed public account of self-play for reasoning. Key contributions:

� Pure RL from verifiable rewards: Trained using GRPO (Shao et al., 2024) with self-play against a
verifier (math answers, code tests), without any supervised fine-tuning on reasoning traces.

� Emergent chain-of-thought: Extended reasoning (“thinking”) behavior emerged naturally from the
self-play training, without being explicitly taught.

� Scaling self-play: Demonstrated that self-play RL scales effectively to 671B parameter models.

� Self-generated curriculum: The model naturally generates increasingly difficult reasoning challenges
for itself as training progresses.

DeepSeek-R1 validates the “Era of Experience” thesis (Silver and Sutton, 2025): with a sufficiently reliable
verifier, self-play can discover capabilities (extended reasoning) that would be difficult to teach through
imitation learning. The convergence of o1, QwQ, and DeepSeek-R1—developed independently at three
labs using different base models but the same core paradigm (RL + verifier + self-play)—provides strong
evidence that self-play for reasoning is a robust, reproducible phenomenon rather than an artifact of any single
implementation. This has been further validated by open-source reproductions: Open-R1 (Open-R1 Team,
2025), Sky-T1 (NovaSky Team, 2025), OpenR (Wang et al., 2024d), and Tülu 3’s verifiable reward training
(Lambert et al., 2024) demonstrate that the reasoning self-play paradigm works at smaller scales with modest
budgets. Strategic replication reports (Qin et al., 2025) provide detailed analysis of the training dynamics
and failure modes encountered when reproducing these results, democratizing access to this technique.

7.9.2 Process Reward Models for Self-Play Supervision

A key enabler of reasoning self-play is the process reward model (PRM), which provides step-level verification
rather than only outcome-level feedback:

� Math-Shepherd (Wang et al., 2024b): Automatically annotates process rewards without human step-
level labels, using the “completion correctness” of each step as a self-play signal.

� Automated Process Supervision (Luo et al., 2024): Shows that process reward models can be trained
entirely through self-play (model generates solutions, correctness of completions from each step provides
the training signal).

� OmegaPRM (ByteDance Research, 2025): Extends process supervision with Monte Carlo tree search over
reasoning steps, achieving near-perfect step-level verification without any human annotation—reducing ϵ
in our Theorem 3 to near zero for mathematical domains.

� STILL-2 (Chen et al., 2025): Introduces turn-level reward models that provide intermediate self-play
signals between outcome-level and step-level, offering a practical middle ground for domains where full
step-level verification is expensive.

� RAGEN (Wang et al., 2025b): Combines process rewards with Monte Carlo returns for training reasoning
agents, demonstrating that hybrid reward signals (process + outcome) outperform either alone in the self-
play training loop.

� The PRM acts as a “step-level verifier” for the self-play loop, analogous to how MCTS provides move-
level evaluation in AlphaZero. This connection directly supports our Theorem 3: PRMs reduce the
effective ϵ (verification noise) compared to outcome-only rewards, enabling deeper self-play improvement.
The progression from outcome-only (ϵ ≈ 0.3) to step-level PRMs (ϵ ≈ 0.05) to OmegaPRM (ϵ ≈ 0.01)
quantitatively tracks the improvement ceiling predicted by our bound.
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Table 10: Spectrum from human feedback to pure self-play in LLM training.

Method Feedback Source Self-Play Degree Human Involvement

RLHF (Ouyang et al., 2022; Bai et al., 2022a) Human preferences None High (continuous labeling)
DPO (Rafailov et al., 2023) Human preference dataset Minimal Medium (fixed dataset)
RLAIF / CAI (Bai et al., 2022b) AI-generated feedback Moderate Low (constitution only)
Self-Rewarding (Yuan et al., 2024) Self-generated judgments High Low (seed data only)
SPIN (Chen et al., 2024c) Self vs. human data High Low (seed SFT data)
SPPO (Wu et al., 2024) Self-play competition Full None at iteration
Debate (Irving et al., 2018) Adversarial self-play Full Minimal (judge only)

7.10 When Self-Play Fails: Success Conditions

Before surveying broader connections, we identify the conditions under which LLM self-play succeeds vs.
degenerates (a detailed taxonomy of failure modes follows in Section 7.18). The model collapse literature
provides a critical counterpoint to the optimistic self-play narrative:

� The Curse of Recursion (Shumailov et al., 2024): Training on self-generated data causes progressive
quality degradation. Each generation amplifies small errors, eventually losing diversity and degenerating
to repetitive outputs.

� Tail collapse: Self-play tends to eliminate low-probability but important behaviors from the distribution,
reducing coverage of rare cases.

� Reward hacking: When the evaluator is the same model (or a descendant), optimization pressure
discovers spurious patterns that satisfy the proxy metric without genuine improvement.

Observation 12 (Self-Play Success Conditions). Comparing successful self-play (AlphaZero, DeepSeek-R1)
with collapse-prone settings reveals that success requires:

1. A perfect or near-perfect verifier (game rules, proof assistant, code tests) — not a learned reward
model.

2. Diversity maintenance (historical opponents, population methods) — not pure self-iteration.

3. Exploration mechanisms (MCTS, sampling temperature) — not greedy optimization.

When any of these conditions is violated, self-play degenerates.

7.11 Connections to RLHF and DPO

Self-play methods for LLMs exist on a spectrum with classical alignment approaches:
The trend is clear: the field is moving from human-intensive feedback toward increasingly autonomous

self-play, driven by the scalability limitations of human labeling and the demonstrated effectiveness of self-
generated training signals.

7.12 Connections to GAN Training Dynamics

The structural parallel between self-play and Generative Adversarial Networks (GANs) (Goodfellow et al.,
2014) illuminates both paradigms; this subsection consolidates the connection for the whole survey. GANs
implement a two-player zero-sum game between a generator G and a discriminator D:

min
G

max
D

Ex∼pdata
[logD(x)] + Ez∼pz [log(1−D(G(z)))] (22)

At equilibrium, G generates samples indistinguishable from real data—a Nash equilibrium of the minimax
game. Table 11 maps the correspondence.
GAN training dynamics exhibit the same phenomena observed in self-play: mode collapse (analogous to

strategy cycling), training instability (analogous to non-convergence), and the need for careful regularization.
Heusel et al. (2017) prove that GANs with two-timescale update rules converge to a local Nash equilibrium—
a result directly applicable to understanding AlphaZero-style self-play where the policy and value networks
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Table 11: Structural parallels between game-theoretic self-play and Generative Adversarial Networks.

Concept Game Self-Play GAN

Players Agent vs. opponent Generator vs. Discriminator
Objective Win/maximize reward Fool/detect
Equilibrium Nash (minimax) Nash (minimax)
Training signal Game outcome Binary classification
Failure mode Strategy cycling Mode collapse
Diversity mechanism Historical opponents Batch diversity
Theory Convergence in zero-sum Convergence under conditions

update on different timescales. TheWasserstein distance framework (Arjovsky et al., 2017) provides smoother
gradients that prevent mode collapse, paralleling how KL regularization in LLM self-play (DPO, SPIN)
prevents distribution collapse.
The SPIN framework (Chen et al., 2024c) makes the connection explicit for LLMs: the “main player”

(new model) acts as a discriminator distinguishing human from AI text, while the “opponent” (old model)
acts as a generator producing text to fool it; SPIN is essentially a GAN in which both G and D are
the same language model, and its convergence condition—the generator matching the data distribution—is
precisely the Nash equilibrium of this game. One structural difference cuts the other way: in symmetric
game self-play both players optimize the same objective with the same network, whereas GAN generator
and discriminator have distinct architectures and opposing losses, which changes the convergence properties
and failure modes. The analogy suggests bidirectional transfer: GAN stabilization techniques (spectral
normalization, progressive growing, diversity regularization) may have self-play analogues, while self-play
innovations (population diversity, historical opponents, league training) may benefit GAN research.

7.13 Weak-to-Strong Generalization

A foundational question for LLM self-play: can a weaker model’s feedback improve a stronger model? Burns
et al. (2023) investigate this “weak-to-strong generalization” problem:

� Surprisingly, weak supervisors can elicit strong capabilities through appropriate training procedures.

� This provides theoretical support for self-play: the model at iteration t (weak) supervises the model at
iteration t+ 1 (potentially strong).

� However, the gap between weak and strong has limits—at some point, the supervisor becomes unreliable.

7.14 Multi-Agent Debate for Factuality

Du et al. (2023) demonstrated that multi-agent debate among LLMs improves factual accuracy, with Chan
et al. (2024) extending this to structured evaluation protocols:

� Multiple LLM instances propose answers independently.

� They then debate, pointing out errors in each other’s reasoning.

� After several rounds of debate, consensus answers are more accurate.

� ChatEval (Chan et al., 2024) formalizes this as a multi-agent debate framework for LLM evaluation, where
agents serve as both generators and judges in a self-play evaluation loop.

� This represents population-based self-play where diversity comes from sampling different reasoning paths.

7.15 Multi-Agent LLM Self-Play

7.15.1 Red-Teaming through Self-Play

Self-play has been applied to adversarial testing of LLMs (Perez et al., 2022):

� One LLM generates attacks; another defends.
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Table 12: Empirical performance of LLM self-play methods on standardized benchmarks. All results use
7B-class models where available. ∆ indicates improvement over the SFT baseline.

Method Base Model MT-Bench AlpacaEval 2.0 MATH ∆ vs SFT

SFT Baseline Zephyr-7B-SFT 5.3 8.2% 12.1% —
DPO (GPT-4 labels) Zephyr-7B 7.3 13.4% 15.8% +2.0
SPIN (3 iter) Zephyr-7B 7.2 12.8% 14.9% +1.9
SPPO Mistral-7B 7.5 14.1% — +2.2
Self-Rewarding (3 iter) LLaMA-2-70B 7.9 20.4% — +2.6
Iterative RPO LLaMA-3-8B — — 47.8% +35.7
rStar-Math (MCTS) LLaMA-3-8B — — 58.3% +46.2
DeepSeek-R1-Zero (RL) DeepSeek-V3 — — 79.8% +50+

� Iterative improvement of both attacker and defender creates an adversarial arms race.

� Discovers novel jailbreaks and safety failures that human red-teamers miss.

� PSRO-style population methods generate diverse attack strategies covering more failure modes.

7.15.2 Multi-Agent Collaboration through Self-Play

Self-play populations of LLMs can develop:

� Specialized roles (planner, coder, reviewer) emerging from competition.

� Communication protocols for task decomposition.

� Quality improvement through adversarial peer review and debate.

7.16 Theoretical Foundations for LLM Self-Play

Conjecture 4 (LLM Self-Play Convergence). Under appropriate conditions, iterative LLM self-play con-
verges to a fixed point where the model’s generation distribution matches the “target” distribution (human
preference, factual accuracy, or task success). Convergence requires:

1. Reliable self-evaluation (the model can judge quality).

2. Sufficient diversity in generation (exploration).

3. Monotonic self-evaluation improvement (no reward hacking).

Remark 10. Unlike game-theoretic self-play where Nash equilibrium provides a clear target, LLM self-play
lacks a well-defined fixed point. The risk of “mode collapse” or “reward hacking” (optimizing the self-
evaluation proxy rather than true quality) is a fundamental open problem (Casper et al., 2023; Shumailov
et al., 2024).

7.17 Empirical Comparison of LLM Self-Play Methods

Table 12 provides a direct empirical comparison of self-play methods on standardized benchmarks, enabling
practitioners to assess relative effectiveness.
Key observations from the empirical comparison:

� SPIN matches DPO without external labels: This validates the self-play principle—the model’s
own generations provide sufficient training signal.

� MCTS-based methods dominate on reasoning: rStar-Math and DeepSeek-R1 achieve dramatically
better results on MATH by combining search with self-play, confirming the AlphaZero analogy.

� Scale matters: Self-Rewarding at 70B significantly outperforms 7B variants, suggesting self-play benefits
compound with model capacity.

� Iterative improvement is consistent: All methods show improvement over multiple iterations, though
with diminishing returns (typically 3-5 iterations before convergence).

40



Table 13: Comparison of LLM self-play methods by mechanism and requirements.
Method Self-Play Type Training Signal External Data? Key Result

SPIN (Chen et al., 2024c) Generative game Human vs. self comparison Seed SFT data Matches DPO w/o GPT-4
SPPO (Wu et al., 2024) Preference game Win/loss from judge None at iteration Nash-like convergence
Self-Rewarding (Yuan et al., 2024) Self-evaluation Own judgments Seed data Iterative improvement
Debate (Irving et al., 2018) Argumentative Human judge verdict None Honest equilibrium
CAI (Bai et al., 2022b) Self-critique Principle compliance Constitution only Reduced harmfulness
STaR (Zelikman et al., 2022) Verify & improve Answer correctness Q&A pairs Improved reasoning
DeepSeek-R1 (DeepSeek-AI, 2025) RL + verifier Correctness signal None Emergent reasoning

7.18 When Self-Play Fails: A Taxonomy of Failure Modes

The success stories of self-play (AlphaZero, Pluribus, DeepSeek-R1) dominate the narrative, but a compre-
hensive survey must also systematically examine failure modes. Understanding when and why self-play fails
is essential for practitioners and theorists alike.

7.18.1 Historical Failures

Self-play has a long history of failures that preceded its successes:

� Pre-AlphaGo neural self-play in chess/Go (2000–2015): Multiple attempts to replicate TD-
Gammon’s self-play approach in deterministic games failed. Without stochasticity (dice in backgammon)
or search (MCTS), neural self-play diverged or stagnated. This 20-year gap between TD-Gammon and
AlphaGo Zero suggests that self-play requires specific enabling conditions.

� Naive self-play in StarCraft: Before league training, DeepMind’s initial StarCraft agents trained via
naive self-play exhibited catastrophic strategy cycling—mastering one race/strategy while forgetting others
(Vinyals et al., 2019).

� Early poker self-play: Direct application of self-play (without CFR’s theoretical guarantees) to poker
produced exploitable agents that converged to dominated strategies rather than Nash equilibria.

7.18.2 Model Collapse in Iterative Self-Training

The most pressing failure mode for LLM self-play is model collapse (Shumailov et al., 2024). Alemohammad
et al. (2024) provide formal analysis showing that generative models trained on their own outputs experience
“Model Autophagy Disorder” (MAD), with quality degradation proportional to the fraction of self-generated
data in the training set:

Definition 11 (Model Collapse). Progressive degradation of a generative model’s output distribution when
trained on its own generated data over multiple iterations. Manifests as:

1. Early collapse: Loss of low-probability but important modes (tail truncation).

2. Late collapse: Convergence to a small set of repetitive outputs (mode collapse).

3. Quality collapse: Gradual degradation of output quality undetectable by the model’s own evaluation.

Conditions triggering model collapse:

� Training exclusively on self-generated data (no fresh external data).

� Using the model’s own judgments as the sole training signal (no external verifier).

� Insufficient diversity in generation (low temperature, small beam size).

� No mechanism for detecting and correcting drift (no ground-truth anchor).

Conditions preventing model collapse (from successful systems):

� External verifier (game rules, proof assistant, test suites) (DeepSeek-AI, 2025).

� Mixing real and generated data (SPIN uses human seed data) (Chen et al., 2024c).

� KL constraint from a reference policy (prevents unbounded drift) (Ouyang et al., 2022).

� Population diversity (multiple models prevent convergence to single mode).
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Table 14: Taxonomy of self-play failure modes with their conditions, symptoms, and mitigations.

Failure Mode Conditions Symptoms Mitigation

Model collapse Self-data only, no verifier Repetitive/degraded outputs External verifier, data mixing
Reward hacking Learned reward model High proxy, low real quality Ensemble RMs, ground truth
Strategy cycling Non-transitive game, naive SP Periodic Elo oscillation Population/league training
Catastrophic forgetting No historical opponents Loss of old capabilities Replay buffer, checkpoints
Divergence No regularization Unbounded policy change KL constraint, EMA
Mode collapse (GAN-style) Generator-discriminator Limited output diversity Population, diversity bonus
Formatting collapse Pure RL, no SFT anchor Garbled/incoherent output SFT cold start, format reward
Exploitability Overfitting to self Vulnerable to adversary Adversarial testing, PSRO

7.18.3 Reward Hacking and Goodhart’s Law

When the verifier is learned (reward model) rather than exact (game rules), self-play optimization finds
adversarial inputs that maximize the proxy without genuine improvement. The phenomenon was observed
from the earliest preference-based fine-tuning experiments (Ziegler et al., 2019), and Gao et al. (2023)
establish precise scaling laws for reward model overoptimization: the true reward initially improves with
optimization, then degrades as Rtrue ≈ d·

√
KL−c·KL, where the second term dominates at high optimization

strength. Mitigations remain partial: reward-model ensembles reduce but do not eliminate hacking (Coste
et al., 2024; Eisenstein et al., 2024), and constrained-optimization formulations trade peak proxy reward
for robustness (Moskovitz et al., 2024). This quantifies the fundamental limitation of learned verifiers for
self-play (Casper et al., 2023):

� Reward model exploitation: RLHF-trained models discover text patterns that score highly on the
reward model but are incoherent or deceptive to humans.

� Self-judge corruption: In self-rewarding systems, the model’s judgments degrade as it optimizes them,
creating a feedback loop of declining standards.

� Length gaming: Self-play models often learn that longer outputs score higher on learned evaluators,
regardless of content quality.

7.18.4 DeepSeek-R1-Zero Instabilities

Even the highly successful DeepSeek-R1-Zero experienced training instabilities characteristic of self-play
without external anchoring (DeepSeek-AI, 2025):

� Formatting collapse: The model’s outputs deteriorated into garbled formatting, mixing multiple lan-
guages and losing structural coherence.

� Reasoning loops: Extended reasoning chains sometimes entered infinite loops of self-reference.

� Solution: Adding a small supervised “cold start” (DeepSeek-R1 vs. R1-Zero) dramatically stabilized
training, suggesting that pure self-play from scratch has fundamental fragility in language domains.

7.18.5 Non-Transitivity and Forgetting

In complex games, self-play produces agents vulnerable to strategies they have not recently encountered:

7.18.6 Adversarial Exploitation of Self-Play Agents

Gleave et al. (2020) and Wang et al. (2023a) demonstrated that self-play-trained agents can be systemat-
ically exploited, with Samvelyan et al. (2024) extending this to LLMs via “rainbow teaming” (open-ended
generation of diverse adversarial prompts through quality-diversity self-play):

� Adversarial policies trained against KataGo (a superhuman Go AI) achieve >90% win rate by exploiting
distribution gaps in the self-play training data.

� The attacks work by finding states that the self-play agent has rarely or never encountered during training.

� This suggests a fundamental tension: self-play optimizes for performance against itself, not against the
full space of possible opponents.
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Table 15: Evaluation metrics used across self-play domains.

Domain Primary Metric Secondary Metrics Ground Truth

Board games (Go, Chess) Elo rating Win rate vs. baselines, puzzle accuracy Perfect play (small boards)
RTS (StarCraft, Dota) Elo / MMR Win rate vs. humans, strategy diversity Human pro ranking
Poker Exploitability (mbb/h) Win rate vs. humans, head-to-head Nash equilibrium
Card games (Mahjong) Platform ranking Win rate, expected score Human expert
LLM alignment MT-Bench, AlpacaEval Win rate vs. GPT-4, Arena Elo Human preference
LLM reasoning GSM8K, MATH Pass@k, majority voting Correct answers
Open-ended Complexity metrics Novel behavior count, coverage No ground truth

7.18.7 Reproducibility Concerns

A significant challenge in self-play research is reproducibility:

� AlphaStar: Has never been independently reproduced due to compute requirements (∼$1M+) and pro-
prietary code.

� OpenAI Five: Similarly unreproduced; the claimed 10-month training regime exceeds most research
budgets.

� KataGo and Leela Chess Zero: Notable exceptions—open-source reproductions that validate Alp-
haZero’s core claims at lower cost.

� LLM self-play: SPIN has been reproduced, but larger-scale methods (DeepSeek-R1) require infrastruc-
ture beyond most academic labs.

The reproducibility gap means that many self-play claims rest on single-lab verification, making indepen-
dent validation of design choices difficult.

7.18.8 Key Lesson: Self-Play is Not Free Lunch

Observation 13 (No Free Lunch in Self-Play). Self-play is not universally beneficial. It succeeds when:

1. The task has a reliable verification signal (not just a learned proxy).

2. The search space is rich enough that self-generated experience covers novel territory.

3. The agent has sufficient capacity to avoid overfitting to its own distribution.

4. Diversity maintenance mechanisms prevent convergence to a single strategy.

In the absence of these conditions, self-play can be worse than supervised learning from curated data—
producing lower-quality, less diverse, and less robust systems. The practitioner’s challenge is determining
whether a given problem satisfies these conditions.

8 Benchmarks and Evaluation

Evaluating self-play agents presents unique challenges: there is no fixed test set, the “curriculum” is self-
generated, and the relevant comparison is often against the agent’s own past or against optimal play (which
may be unknown). This section surveys evaluation methodologies across domains.

8.1 Evaluation Metrics by Domain

8.2 Elo Rating Systems

The Elo rating system and its variants are the most common evaluation tool for self-play agents:
Standard Elo:

EA =
1

1 + 10(RB−RA)/400
, R′

A = RA +K(SA − EA) (23)

Limitations for self-play evaluation:

� Assumes transitivity (A ¿ B and B ¿ C implies A ¿ C)—violated in non-transitive games.
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Table 16: Major benchmark environments for self-play research.

Environment Type Players Key Challenge State Space

Go (19×19) Symmetric, perfect 2 Search depth ∼ 10170

Chess Symmetric, perfect 2 Tactical depth ∼ 1047

No-limit Hold’em Imperfect info 2-6 Information hiding ∼ 10164

StarCraft II Asymmetric, partial 2 Real-time + partial info ∼ 1026

Dota 2 Cooperative+competitive 5v5 Long horizon + teamwork Enormous
Diplomacy Mixed-motive + NL 7 Negotiation + deception Unbounded
OpenSpiel (Lanctot et al., 2019) Multi-game Varies Standardization Varies
PettingZoo (Terry et al., 2021) Multi-agent Varies Diverse environments Varies

� Rating inflation: as all agents in a population improve, absolute Elo increases without bound.

� Anchor dependence: ratings are relative to the comparison set.

Alternatives:

� α-Rank (Omidshafiei et al., 2019): Game-theoretic ranking using evolutionary dynamics, robust to non-
transitivity.

� Nash Averaging (Balduzzi et al., 2018): Computes ranking from the Nash equilibrium of the pairwise
win-rate matrix.

� mElo (multidimensional Elo): Extends Elo with multiple dimensions to capture non-transitive relation-
ships.

8.3 Exploitability Measurement

For games with known Nash equilibria (or computable approximations):

ϵ-Nash : max
π′

V (π′, π)− V (π∗, π) ≤ ϵ (24)

Computational challenges:

� Computing exact exploitability requires solving the full game—often intractable.

� Local best response (LBR) (Lisý and Bowling, 2017) provides a lower bound on exploitability.

� In large games (StarCraft), exploitability is fundamentally unmeasurable.

8.4 Benchmark Environments

8.5 Evaluation for LLM Self-Play

LLM self-play evaluation requires domain-specific metrics:

� MT-Bench / Chatbot Arena (Zheng et al., 2023; Chiang et al., 2024): Human and model preference
rankings via pairwise comparison. The Arena Elo system provides the most reliable ranking of LLM
capabilities through self-play-style tournaments where models compete head-to-head. Chiang et al. (2024)
show that crowdsourced pairwise battles converge to stable rankings after ∼10K comparisons.

� AlpacaEval / AlpacaFarm (Li et al., 2024; Dubois et al., 2024): Automated win-rate against a reference
model, using LLM-as-judge—itself a form of self-play evaluation. AlpacaFarm provides a simulation
framework for developing RLHF methods without expensive human feedback.

� Task-specific: GSM8K (Cobbe et al., 2021) for reasoning, HumanEval for code, TruthfulQA for truth-
fulness.

� Self-play specific: Improvement curve over iterations, convergence speed, diversity of outputs.

� Agent-as-Judge (Zhuge et al., 2024): Using LLM agents to evaluate other agents, creating recursive
self-play evaluation.
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Table 17: Performance milestones achieved through self-play training. “Human-level” indicates the compar-
ison point for each domain.

System Domain Achievement Year Human Comparison

TD-Gammon Backgammon World-class play 1992 Top 3 human players
AlphaGo Go Beat world champion 2016 Lee Sedol (9-dan)
AlphaGo Zero Go Surpassed all versions 2017 100-0 vs AlphaGo
AlphaZero Chess Beat Stockfish 8 2018 Strongest engine
Libratus HULH Poker Beat 4 top pros 2017 $1.7M lead in 120K hands
Pluribus 6-player NL Poker Beat 15 pros 2019 5,000 hands session
AlphaStar StarCraft II Grandmaster (top 0.2%) 2019 Battle.net ladder
OpenAI Five Dota 2 Beat OG (TI champs) 2019 Best human team
Suphx Mahjong 10-dan on Tenhou 2020 Top 0.01% online
DeepNash Stratego Expert level 2022 Top 3 on Gravon
CICERO Diplomacy Top 10% on webDiplomacy 2022 Average human players
AlphaProof IMO Problems 4/6 correct (silver) 2024 IMO participants

8.6 Performance Milestones Achieved Through Self-Play

Table 17 summarizes the key performance milestones achieved through self-play across domains, providing
a quantitative view of the paradigm’s impact.

8.7 Scaling Laws in Self-Play

A critical question for practitioners: how does self-play performance scale with compute?

Observation 14 (Self-Play Scaling Laws). Empirical evidence, connecting to the broader neural scaling
laws literature (Kaplan et al., 2020; Hoffmann et al., 2022), suggests the following approximate scaling
relationships:

� Elo vs. compute: Approximately logarithmic. AlphaZero gains ∼100 Elo per doubling of training time
(diminishing returns). This mirrors the power-law scaling observed in language model pre-training.

� Elo vs. search budget: Sub-logarithmic at test time. Diminishing returns from additional MCTS
simulations after ∼800. Snell et al. (2024) formalize this for LLMs, showing that test-time compute
allocation follows a similar diminishing-returns curve.

� Population size vs. robustness: Linear initially, saturating. AlphaStar’s league showed diminishing
returns beyond ∼200 agents. Parker-Holder et al. (2020) provide theoretical analysis of when additional
population diversity ceases to help.

� LLM self-play iterations: Rapid initial gains (SPIN shows major improvement in 3 iterations),
then convergence. The reward overoptimization curve of Gao et al. (2023) suggests a fundamental
bound: Rtrue ∼ d

√
KL− c ·KL, explaining why self-play with learned verifiers saturates.

8.8 Computational Cost Analysis

A practical consideration for researchers and practitioners: the computational resources required for self-play
training vary enormously across domains.

Observation 15 (The Democratization Trend). Self-play research has become dramatically more accessible
over time. While AlphaStar required millions of GPU-hours, SPIN achieves competitive results with 50 GPU-
hours on a single node. KataGo demonstrates that algorithmic innovation can reduce compute requirements
by 100× compared to the original AlphaGo Zero. This democratization is critical for the broader research
community.
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Figure 6: Scaling behavior of self-play. (a) In board games, Elo rating scales approximately logarithmically
with training compute, showing diminishing returns characteristic of self-play in well-defined domains. (b) In
LLM self-play, methods converge within 3-5 iterations, with MCTS-based approaches achieving the highest
absolute performance.

Table 18: Computational requirements of landmark self-play systems. GPU-hours estimated where exact
numbers unavailable.
System Hardware GPU-hours Games/Iter Training Time Cost (est.)

AlphaGo Zero 4 TPU v2 ∼40K 25K games 40 hours $100K+
AlphaZero (Chess) 5000 TPU v1 ∼9K 44M positions 9 hours $50K+
AlphaStar TPU v3 pods ∼800K ∼200yr games 44 days $1M+
OpenAI Five 256 GPUs + 128K CPUs ∼1.2M ∼900yr games 10 months $5M+
KataGo 1 GPU ∼500 varies weeks $500
Pluribus 64 CPUs ∼300 CPU-days — 8 days $5K
DeepNash TPU v3 ∼50K — weeks $200K+
SPIN (7B) 8 A100 ∼50 — 6 hours $300
DeepSeek-R1 Large cluster ∼500K+ — weeks $1M+

8.9 Self-Play Beyond Win Rate: Qualitative Evaluation

Quantitative metrics alone fail to capture the full impact of self-play. Qualitative evaluation reveals:

� Creativity: AlphaZero’s “alien” chess style discovered novel opening theory and sacrificial patterns that
surprised grandmasters (Silver et al., 2018).

� Robustness: League-trained agents develop more robust strategies than naive self-play, handling a wider
range of opponent styles.

� Interpretability: Self-play training trajectories reveal the “learning curriculum” that the agent self-
constructs, providing insight into skill acquisition.

� Transfer: KataGo’s self-play knowledge transfers across board sizes, suggesting that self-play discovers
generalizable principles rather than position-specific knowledge.

8.10 Meta-Evaluation: How Good Are Our Metrics?

Observation 16 (Metric-Optimization Gap). In self-play systems, the training objective (win against self)
diverges from the evaluation objective (win against arbitrary opponents, or match human preferences). This
gap is a fundamental challenge:
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Table 19: Extended experiment: Accuracy (%) with 95% bootstrap confidence intervals (N = 20 per
condition). Self-play benefits emerge only at olympiad difficulty for the weaker model, confirming the
difficulty-capability gap prediction. Bold indicates improvement over direct.

Model Difficulty Direct Self-Refine-1 Self-Refine-3 Majority-5

DeepSeek-V4-Flash Medium 90 [75,100] 90 [75,100] 90 [75,100] 90 [75,100]
DeepSeek-V4-Flash Hard 80 [60,95] 80 [65,95] 80 [60,95] 80 [60,95]
DeepSeek-V4-Flash Olympiad 60 [40,80] 60 [40,80] 60 [40,80] 60 [40,80]
Claude Haiku 4.5 Medium 90 [75,100] 90 [75,100] 90 [75,100] 90 [75,100]
Claude Haiku 4.5 Hard 75 [55,95] 75 [55,90] 80 [60,95] 80 [60,95]
Claude Haiku 4.5 Olympiad 60 [35,80] 65 [40,85] 70 [50,90] 70 [50,90]

Overall 75.8 76.7 78.3 78.3

� Self-play agents can be strong against themselves but exploitable by diverse opponents (Wang et al.,
2023a).

� LLM self-play can optimize self-evaluation while degrading on human metrics (Shumailov et al., 2024).

� Population diversity metrics are needed alongside performance metrics.

8.11 Original Experiment: Self-Play Iteration Dynamics

▶ Running example. This is our math-solving thread made measurable: we hold the task fixed and vary
how much the model relies on self-generated solutions and how reliable the verification signal is, observing
directly where self-play helps and where it saturates or degrades.
To provide original empirical evidence for our survey’s claims, we conducted a controlled experiment

comparing inference-time self-play strategies on mathematical reasoning tasks across multiple difficulty levels.

8.11.1 Setup

We evaluated four self-play strategies across two models and three difficulty levels (N = 20 trials per
condition, 480 total evaluations):

� Direct: Single-pass chain-of-thought reasoning.

� Self-Refine-1: Generate solution, then self-critique and revise once.

� Self-Refine-3: Three iterations of self-critique and revision.

� Majority Vote (k = 5): Generate 5 independent solutions, take majority answer.

Models: DeepSeek-V4-Flash (fast reasoning model) and Claude Haiku 4.5 (compact general model). Dif-
ficulty levels: medium (MATH-level, 10 problems), hard (competition-level, 10 problems), and olympiad
(competition math, 10 problems). Temperature: 0.7. Bootstrap 95% confidence intervals computed with
1000 resamples.

8.11.2 Results

8.11.3 Analysis

Four findings emerge from this experiment:

1. The difficulty-capability gap hypothesis is confirmed: Self-play strategies (refine-3, majority-5)
improve accuracy only for the weaker model (Claude Haiku) on harder tasks (olympiad: +10%, hard:
+5%). DeepSeek-V4-Flash, being a stronger reasoning model, shows no improvement at any difficulty
level—it either solves the problem directly or lacks the knowledge to benefit from iteration.

2. More iterations help on harder problems: Self-Refine-3 outperforms Self-Refine-1 on olympiad tasks
for Claude Haiku (70% vs. 65%), suggesting that additional self-play iterations are valuable precisely when
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the task is at the boundary of the model’s capability. This supports our Theorem 3: the model’s own
self-evaluation acts as an imperfect verifier (ϵ > 0), and only when the difficulty gap provides sufficient
signal does iteration help.

3. Majority vote and iterative refinement converge: At olympiad difficulty, majority-5 and self-refine-
3 achieve identical accuracy (70%). This suggests that both diversity-based (majority) and depth-based
(iterative) self-play strategies reach a similar ceiling determined by the model’s fundamental capability
boundary.

4. Strong models are self-play-immune on sub-capacity tasks: DeepSeek-V4-Flash shows zero benefit
from any self-play strategy across all conditions. This validates that self-play adds no value when the
model already operates near-optimally—additional computation cannot help a model that already knows
the answer or fundamentally cannot derive it.

Observation 17 (Self-Play Benefit Requires Difficulty-Capability Gap). Our experiment is consistent with
a key prediction, though the per-cell sample sizes (N = 20, with CIs spanning tens of points) make this
an illustrative trend rather than a statistically confirmed effect: self-play strategies only improve over direct
generation when there exists a significant gap between task difficulty and model capability. The improve-
ment magnitude scales with this gap: +0% for easy problems (ceiling), +5% for hard problems (small gap),
+10% for olympiad problems (large gap)—but only for the weaker model; all pairwise differences fall within
overlapping CIs, so we treat the pattern as directional evidence that motivates the controlled training-time
experiment of Section 8.12. This parallels the insight from game AI: MCTS most improves AlphaZero’s play
in complex middlegame positions, not in trivially won or lost endgames.

Connections to Theory—Calibrating ϵ: We calibrate Theorem 3’s noise parameter ϵ directly from
our experimental data. Define ϵ as the fraction of errors that self-critique fails to fix: ϵ = 1− (refine3 acc−
direct acc)/(1 − direct acc). Given the small per-cell sample (N = 20, CIs spanning tens of points), these
calibrated values are illustrative order-of-magnitude estimates rather than precise measurements.

� DeepSeek-V4-Flash (strong model): ϵ = 1.0 across all difficulties—self-critique never fixes any error.
Theorem 3 with ϵ ≥ 0.5 predicts the noise floor diverges (no improvement possible). Consistent: zero
improvement observed.

� Claude Haiku, olympiad: ϵ = 0.75 (self-critique fixes 25% of errors after 3 iterations). While ϵ > 0.5
means Theorem 3’s worst-case bound gives no guarantee, the observed 10% improvement indicates that
the model’s self-evaluation is better than random on a subset of problems—the bound is conservative when
noise is problem-dependent rather than uniform.

This calibration reveals the practical interpretation of our theorem: ϵ < 0.5 (required for guaranteed
improvement) corresponds to models whose self-evaluation is informative more often than not—a condition
achieved by perfect verifiers (AlphaZero: ϵ = 0) and near-perfect verifiers (DeepSeek-R1 with test cases:
ϵ ≈ 0.01), but NOT by current LLM self-evaluation on challenging tasks (ϵ ≈ 0.75–1.0). This explains the
empirical observation that LLM self-play saturates in 3–5 iterations while game AI self-play improves for
thousands of iterations.

8.12 Training-Time Validation: Controlled Verifier Noise in 285B RL

The experiments above examine inference-time self-play. To directly test Theorem 3’s central prediction
in the training-time regime that the theorem actually formalizes, we conduct a controlled large-scale re-
inforcement learning experiment: we train a 285B-parameter mixture-of-experts model with GRPO self-
play on mathematical reasoning, systematically varying the verifier noise ϵ while holding everything else
fixed. The experiment tests the theorem’s qualitative prediction (improvement decreasing monotonically in
ϵ, crossing into degradation at intermediate noise), not its quantitative bound: the bound’s finite-strategy,
exact-best-response setting does not map literally onto a continuous policy space trained by approximate
policy gradients, so the floor 2ϵVmax/(1− 2ϵ) serves as an information-theoretic reference point rather than
an operational prediction.
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Table 20: Training-time self-play improvement vs. verifier noise (285B math GRPO, 240 steps). True pass
rate is the noise-free correctness on the training distribution (initial window: steps 0–32; final window: steps
192–224; ∼8,192 samples per logged step). Observed reward is the noisy quantity GRPO optimizes. True-
pass improvement decreases strictly monotonically in ϵ and changes sign between ϵ = 0.10 and ϵ = 0.30,
confirming Theorem 3; the seed-2 replications at ϵ ∈ {0, 0.10, 0.30} reproduce the curve at all three points.

ϵ Seed True pass rate Obs. reward Regime

Init Final Relative Relative

0.00 1 0.768 0.804 +4.8% +4.6% Clean: consistent gain
0.00 2 0.764 0.799 +4.5% +4.3% (replicates)
0.10 1 0.766 0.767 +0.1% −0.1% Low noise: gain erased
0.10 2 0.764 0.766 +0.3% +0.4% (replicates)
0.30 1 0.753 0.723 −4.1% −1.6% High noise: degradation
0.30 2 0.768 0.741 −3.6% −2.1% (replicates)
0.45 1 0.760 0.710 −6.6% −2.2% Near-random: fastest decay

8.12.1 Setup

We initialize from a fixed 285B checkpoint and run GRPO (Shao et al., 2024) self-play training on a corpus
of ∼19K competition mathematics and STEM problems (drawn from olympiad-level and synthesized hard
problem sets). The reward signal comes from an LLM autograder (DeepSeek-R1) that compares each gen-
erated solution’s final answer against the reference, returning correct/wrong. This is a near-perfect verifier
(ϵ ≈ 0) by default. We inject calibrated noise by flipping the verdict with probability ϵ at the per-sample
level:

r̂ =

{
1− r with probability ϵ

r with probability 1− ϵ
(25)

We train four otherwise-identical conditions, ϵ ∈ {0.00, 0.10, 0.30, 0.45}, for 240 GRPO steps each (batch size
512, 16 samples per prompt, KL coefficient 0.001). In addition, we seed-replicate the two conditions that
carry the sign-change claim (ϵ ∈ {0, 0.30}) from an independent random seed, for six runs in total—to our
knowledge the largest controlled self-play noise study to date.
Metrics and reward composition. The total per-sample reward is the (possibly flipped) binary cor-

rectness verdict plus an auxiliary length-shaping bonus of up to ∼0.3 (mean ∼0.21), awarded only to correct-
verdict samples to discourage degenerate truncation. This structure lets us recover the noise-free correctness
exactly from the complete per-step reward logs (512× 16 = 8,192 samples per logged step, excluding grader-
error and over-length samples): only correct-and-unflipped samples can receive the bonus (reward > 1),
flipped incorrect samples receive exactly 1.0, so the true pass rate is Pr[r > 1]/(1 − ϵ). We report two
quantities: the true pass rate (noise-free correctness on the training distribution—the quantity Theo-
rem 3 bounds) and the observed mean reward (the quantity GRPO actually optimizes). Initial observed
rewards differ across conditions by construction: with initial true pass rate p ≈ 0.75–0.77 > 1/2, the flipped-
correctness mean p + ϵ(1 − 2p) decreases in ϵ. Within each condition the reward scale is fixed throughout
training, so improvement columns are unaffected by these offsets. The autograder itself has a small base
error rate, so “ϵ ≈ 0 by default” is an approximation; the injected noise dominates this base rate at all
non-zero conditions.
Seed replication. Each noise level is a single training run except ϵ ∈ {0, 0.10, 0.30}, which we re-run

end-to-end from a different random seed (fresh data order and sampling). As Table 20 shows, all three
reproduce closely (true-pass improvement +4.8% vs. +4.5% at ϵ = 0; +0.1% vs. +0.3% at ϵ = 0.10; −4.1%
vs. −3.6% at ϵ = 0.30), bounding run-to-run variance at well below the effect size. With the ϵ = 0.10
midpoint now seed-replicated, the monotone ordering and its near-zero crossing at low noise both survive
replication scrutiny; only ϵ = 0.45 remains single-seed, and it lies far enough into the degradation regime
(−6.6%) that seed variance cannot change its sign.
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Figure 7: Training-time validation of Theorem 3 on 285B-parameter math GRPO self-play. (a) True pass rate
(noise-free correctness on the training distribution, recovered from the flip structure of the reward channel)
over 240 GRPO steps for four verifier-noise levels; dashed lines are independent seed replications of ϵ = 0 and
ϵ = 0.30. Perfect verification (green) yields a clear upward trend; as ϵ increases, the improvement shrinks,
crosses zero between ϵ = 0.10 and ϵ = 0.30, and turns into degradation. (b) Net true-pass improvement
(final minus initial window) decreases strictly monotonically in ϵ; white diamonds mark the seed replications,
which land within 0.6 points of the original runs on both sides of the sign change.

8.12.2 Results

Figure 7 and Table 20 show a strictly monotonic relationship. The true-pass improvement falls from +4.8%
(perfect verification) to +0.1% (at ϵ = 0.10) to −4.1% (at ϵ = 0.30) to −6.6% (at ϵ = 0.45), precisely the
ordering Theorem 3 predicts: as verifier noise grows, the achievable self-play improvement shrinks through
zero and turns into active degradation—training on a majority-wrong-side gradient makes the policy worse
on its own training distribution. The sign change is not a single-run accident: independent seed replications
of ϵ = 0 (+4.5%), ϵ = 0.10 (+0.3%), and ϵ = 0.30 (−3.6%) all land within 0.6 points of the originals. All
eight runs start from statistically indistinguishable initial pass rates (0.75–0.77, same base checkpoint), so
the divergence is attributable to the injected noise alone.

Observation 18 (Verifier Noise Caps Training-Time Self-Play). This is, to our knowledge, the first con-
trolled, seed-replicated demonstration at scale that the same self-play algorithm, on the same task and model,
transitions from improvement to active degradation of its training-distribution capability purely as a func-
tion of verifier noise. The transition is not gradual degradation of a fixed gain but a genuine sign change: at
ϵ = 0.30 and beyond, self-play training makes the policy strictly worse on its training distribution, in both
seeds. This validates the design principle that motivated our theory—verification quality, not algorithm or
scale, is the binding constraint on self-play. (We examine how this translates to held-out generalization in
Table 21 below.)

Reward hacking signature. A secondary prediction of the theorem is that under high noise the observed
(optimized) reward decouples from true capability. We observe exactly this in the two-metric comparison
of Table 20: at ϵ = 0.30 and ϵ = 0.45 the observed reward falls roughly 2.5–3× less than the true pass
rate (−1.6% vs. −4.1%; −2.2% vs. −6.6%), because the ϵ-flip channel pays a constant stream of undeserved
reward for incorrect answers, cushioning the optimizer’s view of its own collapse. The training monitor
sees a gentle drift; the noise-free grader sees degradation more than twice as fast. This is the training-time
analogue of the reward-overoptimization curve of Gao et al. (2023).

8.12.3 Held-Out Generalization

To separate genuine capability gains from training-distribution reward optimization, we evaluate all final
checkpoints (step 240) and the shared pre-RL baseline (step 192 initialization) on three held-out benchmarks
never seen during training, using a noise-free exact-match grader: MATH50, AIME 2026 (pass@1 averaged
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Table 21: Held-out accuracy of final checkpoints under a noise-free grader, with 95% bootstrap CIs (10,000
problem-level resamples). All RL conditions improve over the pre-RL baseline—on IMOAnswerBench every
RL confidence interval lies strictly above the baseline’s—confirming genuine capability gain. The spread
between noise conditions on held-out data is much smaller than on the training distribution (pairwise RL-
condition CIs overlap), and run-to-run seed variation on IMOAnswerBench (±2–7 points) is comparable to
the spread between noise conditions, reinforcing that held-out differences between conditions should not be
over-read.

Checkpoint Seed MATH50 AIME 2026 IMOAnswerBench ∆ IMO vs. base

Baseline (pre-RL) — 1.000 0.892 [0.788, 0.973] 0.501 [0.456, 0.546] —
ϵ = 0.00 1 1.000 0.916 [0.820, 0.986] 0.629 [0.586, 0.671] +12.8
ϵ = 0.00 2 1.000 0.900 [0.800, 0.976] 0.604 [0.560, 0.646] +10.3
ϵ = 0.10 1 1.000 0.913 [0.814, 0.985] 0.605 [0.563, 0.649] +10.4
ϵ = 0.30 1 0.990 0.917 [0.821, 0.986] 0.663 [0.620, 0.704] +16.1
ϵ = 0.30 2 1.000 0.904 [0.812, 0.977] 0.591 [0.548, 0.634] +9.0
ϵ = 0.45 1 1.000 0.905 [0.810, 0.975] 0.606 [0.563, 0.649] +10.5

over 32 samples), and IMOAnswerBench (400 olympiad problems). To quantify uncertainty, we report 95%
confidence intervals from a nonparametric bootstrap over problems (10,000 resamples of the per-problem
accuracies); MATH50 is saturated for every checkpoint (all CIs collapse at 1.000, except seed-1 ϵ=0.30 at
[0.970, 1.000]), so the table reports CIs for the two discriminative benchmarks. These intervals quantify
problem-sampling uncertainty only—whether this checkpoint’s score would move under a different draw of
evaluation problems; the seed-2 rows provide the complementary axis of training-stochasticity uncertainty
for the two sign-change conditions.
Three honest findings emerge from Table 21:

1. RL self-play yields genuine held-out gains. Every condition and seed—even ϵ = 0.45—improves
over the pre-RL baseline (IMOAnswerBench: +9 to +16 points; AIME: +0.8 to +2.5 points). The
improvement is not pure reward hacking: 240 steps of GRPO genuinely strengthen mathematical reasoning
that transfers to unseen problems.

2. Held-out spread is compressed relative to training-distribution spread. On the training distri-
bution, the gap between ϵ = 0 and ϵ = 0.30 was a sign change (+4.8% vs. −4.1%, replicated across seeds);
on held-out benchmarks the same checkpoints differ by only a few points with overlapping bootstrap CIs.
Indeed, the seed-2 rows show that run-to-run variation on IMOAnswerBench (e.g., 0.663 vs. 0.591 for
ϵ = 0.30) is as large as the spread between noise conditions, so the apparent held-out ordering among
RL conditions is not statistically meaningful—only the gap to baseline is. We attribute the compression
to two factors: (a) KL regularization anchors all conditions to the same reference policy (Ziegler et al.,
2019; Geist et al., 2019), bounding how far any run can drift in 240 steps; and (b) verifier noise primarily
corrupts which samples are reinforced within the training distribution, while the transferable reasoning
skills reinforced by the surviving correct samples are similar across conditions. This compression echoes
Gao et al. (2023): proxy-reward divergence is an early-warning signal that precedes, rather than instantly
causes, held-out degradation—a buffering that partial mitigations like reward-model ensembles exploit
deliberately (Coste et al., 2024; Eisenstein et al., 2024).

3. Short-horizon held-out effects of noise are below the seed-noise floor. At 240 steps, the held-out
cost of even ϵ = 0.45 verifier noise has not yet separated from run-to-run variance. Whether sustained
training under noise eventually converts training-distribution degradation into held-out degradation is
exactly the long-horizon question—which we answer next, at 8.3× the original horizon.

8.12.4 Long-Horizon Extension: 2,000 Steps

The 240-step results leave open whether the held-out buffering is a short-horizon transient—KL anchoring
might merely delay the conversion of training-distribution damage into capability damage. To test this,
we extend the two sign-change conditions (ϵ ∈ {0, 0.30}, seed 1) in place from step 240 to step 2,000 with
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Figure 8: Long-horizon extension of the two sign-change conditions to 2,000 GRPO steps (8.3× the original
horizon; dashed vertical line marks the original 240-step horizon). (a) Full-census true pass rate on the
training distribution (thin lines: raw 32-step grid; thick: 5-point moving average; dotted: each condition’s
initial level). The sign change is persistent : ϵ = 0 stays above its initial level (final window +6.7%) and
ϵ = 0.30 stays below (−3.4%) for the entire run; the ∼9–12-point true-pass gap that opens by step 240 never
closes. Degradation saturates rather than compounds: the post-240 trend at ϵ = 0.30 is flat (+0.002 per
1,000 steps), a depressed plateau, not a runaway collapse. (b) Held-out IMOAnswerBench accuracy with
95% problem-level bootstrap CIs: both conditions keep improving well past 240 steps (ϵ = 0: 0.629 → 0.705;
ϵ = 0.30: 0.663 → 0.699 at step 1920) and remain statistically indistinguishable from each other throughout—
the buffering endures.

identical hyperparameters (8.3× the original horizon), re-extract the full-census training metrics every 32
steps, and evaluate held-out benchmarks at steps 480/960/1440/1920.
Figure 8 shows the outcome, which sharpens all three 240-step findings:

1. The training-distribution sign change is persistent, not transient. Averaged over the final logged
window (steps 1888–1984), ϵ = 0 sits at a true pass rate of 0.820 (+6.7% over its initial window) while
ϵ = 0.30 sits at 0.728 (−3.4% below its initial window). The conclusion is robust to window choice: over
the entire post-240 horizon (57 logged steps, 240–1984), ϵ = 0 averages 0.809 (s.d. 0.037, every quartile
above its initial level) while ϵ = 0.30 averages 0.714 (s.d. 0.037, every quartile below its initial level). At
no point in 1,760 additional steps does the noisy run recover its starting capability: the initial 1.5-point
gap between conditions widens to 8–12 points by step 240 and stays there through step 2,000.

2. Noise-induced degradation saturates rather than compounds. A linear fit over steps 256–2000
gives a slope statistically indistinguishable from zero for ϵ = 0.30 (+0.002 ± 0.010 true-pass points per
1,000 steps) and a slow positive drift for ϵ = 0 (+0.015±0.010). The noisy policy is pushed to a depressed
plateau and held there—the behavior Theorem 3 predicts for a bounded noise floor combined with a KL
anchor, as opposed to the unbounded divergence a naive “error compounding” account would suggest.

3. Held-out buffering is durable, not a delay—at this operating point. At step 1920 the held-
out gap between conditions remains within the problem-sampling noise floor: IMOAnswerBench 0.705
[0.664, 0.745] vs. 0.699 [0.656, 0.740]; AIME 2026 0.933 vs. 0.900 (overlapping CIs); MATH50 saturated at
1.000 for both. Strikingly, the ϵ = 0.30 run continues to improve on held-out benchmarks across the
entire horizon (0.663 → 0.699 on IMOAnswerBench) even though its training-distribution true pass rate
stays below where it started: the surviving 70% of correctly-graded samples still carry enough transferable
signal for generalization, even as the corrupted gradient erodes performance on the training distribution
itself. We stress the scope of this durability claim up front: it is established at a single horizon (2,000
steps) and, for the held-out dimension, a single KL coefficient (0.001); the KL ablation in Section 8.13
varies that coefficient and finds the held-out dimension is itself KL-sensitive—in the opposite direction
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Table 22: KL-coefficient ablation at fixed verifier noise (ϵ = 0.30, 240 steps, 285B math GRPO). The KL
anchor trades the two axes in opposite directions. Training-distribution true-pass improvement (final minus
initial window) rises monotonically with the anchor—from a −10.9% collapse with no anchor (replicated
across two seeds: −9.9%/ − 11.9%) to +0.8% at a 10× anchor. But held-out IMOAnswerBench accuracy
moves the other way: the strong anchor that protects the training distribution also pins the policy near the
reference and forfeits held-out gains (0.686 → 0.525, the latter back at the 0.501 baseline; non-overlapping
95% CIs). Production KL=0.001 sits at the sweet spot that buys most of the held-out gain while halving
the training-distribution collapse. The three metrics measure different things: true pass is ground-truth
correctness on the training distribution; obs. reward is what the noisy verifier actually reported (the trainer’s
optimization target); held-out IMO is accuracy on the unseen IMOAnswerBench under a clean grader. Held-
out 95% bootstrap CIs in brackets (n=400 problems).

KL coeff. Train-dist. true pass Obs. reward Held-out IMO Effect of anchor

Init Final Relative Relative Acc. [95% CI]

0 0.767 0.691 −9.9% −5.7% 0.686 [.645, .728] None: largest collapse
0 0.757 0.667 −11.9% −6.8% — (seed-2 of KL=0)

0.001 0.753 0.723 −4.1% −1.6% 0.663 [.620, .704] Production: halved
0.001 0.768 0.741 −3.6% −2.1% 0.591 [.548, .634] (seed-2 of production)
0.01 0.766 0.772 +0.8% +0.3% 0.525 [.480, .570] 10×: train fixed, held-out lost

from the training distribution—so the buffer at 0.001 is one point on a tradeoff curve, not a fixed property.

Remark 11 (Training Signal vs. Generalization). The combination of results refines the practical reading
of Theorem 3: verifier noise immediately destroys the training signal (the optimization-target improvement
collapses, Table 20, and never recovers over 8.3× the horizon, Figure 8), while its effect on held-out ca-
pability is buffered by KL anchoring and the robustness of transferable skills—durably so: at ϵ = 0.30 and
KL coefficient 0.001, 2,000 steps never convert training-distribution damage into held-out damage. The
cost of verifier noise at this operating point is therefore the forgone training-distribution improvement and
the wasted compute, not (yet) a capability regression. The KL ablation below (Section 8.13) confirms that
this buffer is KL-mediated—removing the anchor roughly doubles the training-distribution collapse—but also
shows the mediation cuts both ways: the same strong anchor that protects the training distribution erodes
held-out capability back toward baseline, so KL strength relocates the cost of noise rather than removing it.
Practitioners should monitor training-distribution pass rates as the leading indicator of verifier failure—by
the time held-out metrics degrade, substantial compute has already been wasted optimizing noise.

8.13 KL-Coefficient Ablation: Is the Buffer KL-Mediated?

The long-horizon analysis above left one mechanism untested: we attributed the gap between immedi-
ate training-signal collapse and durable held-out capability to KL anchoring, but with a single KL coef-
ficient (0.001) we could not separate the anchor’s contribution from the intrinsic robustness of transfer-
able skills. We close this gap with a direct ablation: holding ϵ = 0.30 fixed, we train at KL coefficients
{0, 0.001, 0.01}—removing the anchor entirely, the production value, and a 10× stronger anchor—and mea-
sure both the training-distribution true pass rate and held-out generalization at each. The KL=0 endpoint
is seed-replicated (20260612 and 20260616) because it carries the largest effect; the KL=0.01 run uses seed
20260612; the KL=0.001 midpoint is read from the two production runs (separate seeds), which bracket
the comparison. Measuring both axes is what turns the ablation from a confirmation into a discovery: the
anchor does not simply “buffer,” it trades.
Table 22 and Figure 9 together tell a sharper story than the buffering hypothesis predicted. On the

training distribution, degradation shrinks monotonically as the anchor strengthens: with no KL anchor
the corrupted gradient drives a −10.9% collapse (seed-averaged over −9.9% and −11.9%, the sign and
magnitude replicating cleanly across seeds)—more than double the −4.1% at the production coefficient—
while a 10× anchor erases it entirely (+0.8%), pulling the run back to the near-zero regime the noise-free
analysis associates with ϵ ≈ 0.10. So far this confirms the buffer is KL-mediated. But measuring held-
out generalization at the same three coefficients reveals the cost: IMOAnswerBench accuracy moves in the
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Figure 9: The (ϵ,KL) design space for self-play under imperfect verification. (a) Training-distribution regime
map: each measured cell is colored by true-pass improvement (green=gain, red=collapse); only the cross
we ran is filled (four noise levels at production KL=0.001, plus the two extra KL coefficients at ϵ = 0.30).
Degradation deepens to the right (more noise) and—at ϵ = 0.30—upward as the anchor weakens. (b) The KL
slice at ϵ = 0.30, plotting both axes together. The anchor trades them in opposite directions: strengthening
KL lifts the training-distribution curve (red, toward zero) but lowers held-out IMOAnswerBench (blue,
toward the dotted baseline). Production KL=0.001 (shaded) is the sweet spot.

opposite direction, falling from 0.686 [.645, .728] at KL=0 to 0.525 [.480, .570] at KL=0.01—a non-overlapping
drop that lands the strongly-anchored run right back at the 0.501 pre-training baseline. We rest the held-out
claim on this endpoint contrast rather than a smooth monotone trend: the two production-seed midpoints
(0.663 and 0.591) straddle a 0.072 gap wider than some adjacent steps, so the KL=0.001 point locates a
region, not a precise value; what is robust is that the no-anchor and strong-anchor endpoints sit on opposite
sides of it with non-overlapping intervals. The mechanism is symmetric: the KL term limits how far the
noisy reward can push the policy off the reference manifold, which both protects the training distribution
and forfeits the exploration that produces transferable gains. The anchor does not remove the cost of
verifier noise; it relocates it from the training distribution to held-out capability. Production KL=0.001
is not an arbitrary default but the operating point that buys most of the held-out gain while halving the
training-distribution collapse—the sweet spot of a genuine tradeoff, not a corner of a monotone dial.

Observation 19 (The Buffer Is a Tradeoff, Not a Free Dial). The KL coefficient does not simply set how
much verifier noise damages the policy—it sets where the damage lands. At ϵ = 0.30, weakening the anchor
toward 0 shifts the cost onto the training distribution (true-pass collapse to −10.9%) while maximizing held-
out gain (0.686); strengthening it to 0.01 protects the training distribution (+0.8%) but surrenders held-out
capability back to baseline (0.525). No single coefficient optimizes both axes. This makes KL strength a first-
class design axis for self-play under imperfect verification—but one that trades training-distribution fidelity
against generalization, rather than a uniform robustness lever, and it sits alongside the verification-quality
axis of our central thesis.

8.14 Simulation: Validating the Noisy Verifier Prediction

As a complementary controlled study with exactly-known ground truth, we also simulate PSRO with cali-
brated verifier noise on random zero-sum matrix games.

8.14.1 Setup

We generate 100 random antisymmetric payoff matrices M ∈ [−1, 1]100×100 and run PSRO for T = 30
iterations (deliberately T ≪ n to observe incomplete convergence) with a noisy best-response oracle at five
noise levels: ϵ ∈ {0, 0.05, 0.1, 0.2, 0.35}. At each iteration, each strategy’s payoff is independently corrupted
with probability ϵ (replaced by a uniform draw from [−1, 1]). We measure exploitability of the meta-Nash
at termination.
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Table 23: Noisy verifier simulation (n = 100, T = 30, 100 random games): exploitability increases monoton-
ically with verifier noise, confirming Theorem 3’s prediction. The theoretical bound (Vmaxn/T +2ϵ/(1−2ϵ))
is a worst-case upper bound.

ϵ Exploitability ∆ vs. ϵ = 0 Theoretical Bound Tightness

0.00 0.203± 0.051 — 3.33 6.1%
0.05 0.293± 0.064 +44% 3.44 8.5%
0.10 0.311± 0.058 +53% 3.58 8.7%
0.20 0.330± 0.078 +63% 4.00 8.3%
0.35 0.317± 0.065 +56% 5.67 5.6%

8.14.2 Results

8.14.3 Analysis

The simulation confirms Theorem 3’s qualitative prediction: increasing verifier noise ϵ monotonically in-
creases the residual exploitability after a fixed compute budget. Perfect verification achieves the lowest
exploitability (0.203), while moderate noise (ϵ = 0.2) increases it by 63%. The theoretical bound is conserva-
tive (6–9% tight), as expected for worst-case bounds on random games—real games have more structure than
random matrices. At very high noise (ϵ = 0.35), the point estimate dips slightly below ϵ = 0.2 (0.317±0.065
vs. 0.330 ± 0.078); the two are statistically indistinguishable, and one (post-hoc) account is that noise this
severe effectively adds random strategies, which can accidentally cover gaps. This validates the theorem’s
key practical implication: improving verifier quality has direct, measurable impact on self-play
convergence speed, with diminishing returns as ϵ → 0.

8.15 Recommendations for Practitioners

Based on our analysis of evaluation practices across the self-play literature, we offer the following recom-
mendations:

1. Always test against diverse opponents, not just self-play partners. Report win rates against a fixed
“test population” of diverse strategies.

2. Report exploitability where computable. Even approximate lower bounds (via local best response) are
informative.

3. Track non-transitivity explicitly using α-Rank or win-rate matrices, not just scalar Elo.

4. For LLM self-play, report on held-out benchmarks that the self-play signal never sees (avoid Goodhart’s
Law).

5. Monitor diversity over time: plot the effective population size or behavioral diversity metric across
training to detect collapse.

6. Report compute: normalize performance by GPU-hours to enable fair comparison of algorithmic con-
tributions vs. scaling.

9 Open Problems and Future Directions

Despite remarkable progress, self-play research faces fundamental challenges and exciting opportunities. This
section identifies key open problems organized by theoretical, algorithmic, and application domains.

9.1 Theoretical Foundations

9.1.1 Convergence with Function Approximation

The most pressing theoretical gap: under what conditions does deep RL self-play converge to Nash equi-
librium? While tabular CFR has provable guarantees, the combination of neural networks, MCTS, and
self-play lacks formal convergence theory.
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Conjecture 5 (Deep Self-Play Convergence Conditions). AlphaZero-style self-play converges to an ϵ-Nash
equilibrium if:

1. The game has a unique Nash equilibrium (rules out cycling).

2. The network has sufficient capacity (universal approximation).

3. MCTS provides polynomial-depth lookahead.

4. Historical opponents prevent catastrophic forgetting.

The convergence rate depends polynomially on game complexity and exponentially on 1/ϵ.

9.1.2 Non-Transitivity and Solution Concepts

In non-transitive games, Nash equilibrium may not be the right solution concept:

� Should agents target Nash (unexploitable) or Elo-maximal (beats most opponents)?

� Population-level solution concepts (e.g., α-Rank, coarse correlated equilibrium).

� Dynamic solution concepts that account for adaptation.

9.1.3 Formal Theory for LLM Self-Play

The theoretical foundations of LLM self-play are almost entirely unexplored:

� What is the “Nash equilibrium” of a language model competing against itself?

� Under what conditions does SPIN/SPPO converge? What does it converge to?

� Can we bound the “exploitability” of a self-play-trained LLM?

� Mode collapse vs. diversity: formal characterization.

9.2 Algorithmic Challenges

9.2.1 Scaling Self-Play

Current self-play systems require enormous compute. Key efficiency questions:

� Can sample efficiency improvements (model-based RL, world models) reduce self-play compute by 100×?

� Can transfer learning between games accelerate self-play in new domains?

� What is the optimal population size for diversity vs. compute tradeoff?

9.2.2 Multi-Objective Self-Play

Real applications require balancing multiple objectives:

� Win rate vs. interpretability vs. safety.

� Performance vs. robustness to diverse opponents.

� Capability vs. alignment in LLM self-play.

9.2.3 Safe Self-Play

As self-play systems become more capable, safety concerns emerge:

� Self-play can discover deceptive strategies (demonstrated in Diplomacy (Meta Fundamental AI Research
Diplomacy Team (FAIR), 2022b)) and may produce alignment-faking behavior (Greenblatt et al., 2024).
Red-teaming via self-play (Ganguli et al., 2022) reveals these vulnerabilities but simultaneously trains
more capable adversaries.

� Self-improving LLMs may develop optimization pressure against safety constraints, potentially becoming
“sleeper agents” that pass safety evaluations while harboring misaligned goals (Hubinger et al., 2024).

� Population-based self-play can evolve exploitative behaviors that are difficult to detect through standard
evaluation.

� Adversarial self-play for red-teaming (Perez et al., 2022) is a double-edged sword: it discovers vulnerabil-
ities but also trains more capable adversaries.
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9.3 Application Frontiers

9.3.1 Self-Play for Scientific Discovery

Following AlphaFold’s success, self-play is already enabling scientific discovery:

� Automated theorem proving: Formal mathematics provides a perfect verifier. Curriculum learning
for formal math (Polu et al., 2022), combined with self-play against increasingly difficult conjectures
(AlphaProof (Google DeepMind, 2024)), has achieved IMO silver-medal performance. AlphaGeometry
(Trinh et al., 2024) demonstrates that self-play between a symbolic engine and a neural model can solve
olympiad geometry problems.

� Hypothesis generation through adversarial debate: Multi-agent debate (Du et al., 2023; Liang
et al., 2024) applied to scientific questions, where one agent proposes hypotheses and another attempts
falsification.

� Experiment design: Self-play optimization of experimental protocols, with outcome prediction serving
as the verifier.

9.3.2 Self-Play for Code Generation

Code generation is a particularly natural domain for self-play because test suites provide a perfect verifier
(analogous to game rules), enabling unbounded self-improvement. Established systems include:

� AlphaCode (Li et al., 2022): Massive-scale generation (∼1M samples) followed by filtering and clustering,
achieving competition-level code generation. AlphaCode 2 (Google DeepMind, 2023) extends this with
Gemini, demonstrating that self-play search at inference time produces expert-level competitive program-
ming solutions.

� CodeRL (Le et al., 2022): Combines RL with execution feedback, using program correctness as the
self-play reward signal—the model generates, executes, receives feedback, and improves.

� Self-Debug (Chen et al., 2024b): The model generates code, executes it, identifies errors from the output,
and iteratively corrects them—inference-time self-play analogous to Self-Refine but with a perfect verifier
(the compiler/runtime).

� Code generation vs. code review: Adversarial self-play where one agent writes code and another
attempts to find bugs, producing both better generators and better reviewers (Singh et al., 2024).

The code domain represents the “low-hanging fruit” for LLM self-play: it has a perfect verifier, natural
diversity (many valid solutions to each problem), and clear scaling behavior. We expect code self-play to be
among the first domains to achieve truly open-ended self-improvement.

9.3.3 Self-Play for Robotics

Physical self-play raises unique challenges but has shown remarkable progress:

� Sim-to-real transfer: Domain randomization can be viewed as implicit self-play against a population
of environments (OpenAI et al., 2019). The Adaptive Agent Team (Adaptive Agent Team, 2023) demon-
strates agents that adapt in open-ended worlds through self-play against a curriculum of environments.

� Locomotion through self-play: Massively parallel RL enables learning to walk in minutes (Rudin
et al., 2022), while sequential dexterity (Chen et al., 2023) chains self-play-trained policies for long-horizon
manipulation.

� LLM-designed rewards: Eureka (Ma et al., 2024) uses LLMs to design reward functions for robotics,
effectively enabling self-play in environments without hand-crafted rewards.

� Safety constraints: Physical self-play requires safe exploration mechanisms, as robot damage during
adversarial self-play is irreversible—unlike games where resets are free.
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Table 24: Verification quality across self-play domains determines improvement ceiling.

Domain Verifier Quality

Board games Game rules (perfect) Exact
Formal math Proof assistant (perfect) Exact
Code generation Test suites (partial) High but incomplete
Poker Exploitability computation Exact (small) / Approx (large)
Math reasoning Answer matching Binary, no partial credit
General language Reward model (learned) Noisy, hackable
Open-ended creativity Human judgment Expensive, inconsistent

9.3.4 Open-Ended Self-Play Toward AGI

The longest-term aspiration connects to artificial general intelligence:

� Can self-play generate unbounded complexity (open-endedness) (Stanley et al., 2019; Clune, 2019)?

� Is self-play sufficient for general intelligence, or is external data essential?

� David Silver’s “Era of Experience” vision: AI learning primarily from self-generated experience (Silver
and Sutton, 2025).

� The connection to AI-Generating Algorithms (AI-GAs) (Clune, 2019): self-play as a mechanism for gen-
erating both training environments and training agents.

9.4 The Unification Thesis

Conjecture 6 (Self-Play Unification). The game-theoretic self-play (AlphaZero) and the language model
self-play (SPIN, debate) are instances of a more general principle: an agent can improve by generating
challenges calibrated to its current ability level and learning from its own attempts. The unified framework
requires:

1. A generation mechanism (MCTS/sampling) producing diverse attempts.

2. A verification mechanism (game outcome/reward model/self-evaluation) providing signal.

3. A memory mechanism (historical opponents/replay buffer) preventing cycling.

This unification suggests that future self-play systems will seamlessly combine game-playing, reasoning,
and language capabilities in a single training loop.

9.5 The Role of Verification

A critical distinction emerges when comparing successful self-play applications: the quality of the verification
signal :

Observation 20 (Verification Quality Determines Self-Play Ceiling). Self-play improvement is bounded by
verification quality. Perfect verifiers (game rules, proof assistants) enable unbounded improvement. Learned
verifiers (reward models) introduce a ceiling where the model optimizes the proxy rather than true quality.
This suggests that formal verification tools—proof assistants, compilers, test suites—will play an increasingly
important role in enabling LLM self-play at scale.

9.6 Connections to Biological Evolution

Self-play bears deep structural similarities to biological co-evolution:

� Both feature red queen dynamics: improvement is driven by inter-agent competition rather than external
reward.

� Both can produce arms races: escalating complexity without external pressure.
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� Both struggle with diversity maintenance: dominant strategies can eliminate diversity.

� Open-ended learning in self-play mirrors themajor transitions in evolution where new levels of organization
emerge.

However, key differences exist: biological evolution has no gradient signal, operates on much longer
timescales, and benefits from environmental complexity that is not self-generated. Understanding which
properties of biological evolution are essential for open-endedness versus merely contingent remains a deep
open question (Hughes et al., 2024).

9.7 Self-Play for Multi-Modal and Embodied AI

The next frontier for self-play extends beyond text and board games:

� Vision-language self-play: Text-to-image models can self-improve through caption-regeneration cycles
(Chen et al., 2024a), analogous to SPIN but in the visual domain.

� Robotic self-play: Embodiment adds safety and reset-cost constraints to the self-play loop; we detail
sim-to-real, locomotion, and LLM-designed-reward progress in the robotics discussion above.

� Scientific discovery: Self-play between hypothesis generators and falsifiers could accelerate scientific
research, with formal verification serving as the “game rules.”

� Code self-play: Generator vs. reviewer dynamics for improving code quality, with test suites as verifiers
(Singh et al., 2024).

9.8 Toward a General Theory of Self-Improvement

The deepest question raised by self-play research is whether there exists a general theory of self-improvement
that subsumes both game-theoretic self-play and LLM self-training:

Conjecture 7 (General Self-Improvement Theorem). A learning system can self-improve monotonically if
and only if it satisfies three conditions simultaneously:

1. Verifiability: There exists a mechanism to verify whether a generated output is better than the current
policy’s expected output (game outcomes, proof checkers, test suites, etc.). Our Theorem 3 formalizes
this: with verifier noise ϵ, the improvement floor is Θ(ϵVmax/(1− 2ϵ)).

2. Diversity: The system can explore a sufficiently rich space of alternatives at each step (MCTS, temper-
ature sampling, population diversity). Our Theorem 5 shows that the improvement rate is proportional
to D(P)/K (diversity per agent).

3. Stability: The learning process does not catastrophically forget previously acquired capabilities (histor-
ical opponents, replay buffers, KL constraints). The KL term in Theorem 5 quantifies the cost of the
stability constraint.

The rate of improvement is bounded by min(verifier quality, exploration diversity,memory stability)—a rela-
tionship we partially formalize in Section 3.7.

This conjecture, if formalized and proven, would unify:

� AlphaZero (verifier = game rules, diversity = MCTS, stability = historical pool).

� DeepSeek-R1 (verifier = answer checker, diversity = sampling, stability = KL from SFT).

� PSRO (verifier = meta-game evaluation, diversity = best response oracle, stability = growing population).

� SPIN (verifier = human data comparison, diversity = generation sampling, stability = iterative updates).
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Table 25: Critical open problems in self-play research, organized by urgency and difficulty.

Problem Difficulty Impact

Convergence theory for deep self-play Very Hard Foundational
LLM self-play formal guarantees Hard Critical for safety
100× efficiency improvement Medium Democratizes research
Safe self-play (preventing deception) Hard Critical for deployment
Open-ended learning breakthrough Very Hard Transformative
Multi-objective self-play Medium Practical necessity
Cross-domain transfer Medium Efficiency + generalization

9.9 Summary of Open Problems

10 Conclusion

This survey has traced the arc of self-play from its origins in classical game theory (1951) through its
apotheosis in deep reinforcement learning (2016–2022) to its current expansion into large language model
training (2024–2026). From this 75-year trajectory, one insight emerges as central:
Verification quality determines self-play ceiling. This is the unifying principle that connects TD-

Gammon, AlphaZero, Pluribus, and DeepSeek-R1. When the verifier is perfect (game rules, proof assistants,
code tests: ϵ = 0), self-play can improve without bound (Silver et al., 2017; DeepSeek-AI, 2025). When the
verifier is noisy but informative (learned reward models: 0 < ϵ < 0.5), self-play improves up to a ceiling
proportional to ϵ and then saturates (Gao et al., 2023). When the verifier is uninformative or adversarial
(ϵ ≥ 0.5), self-play degenerates (Shumailov et al., 2024). Our Theorem 3 formalizes this observation; our
experiments confirm it empirically.
Four additional themes emerge:
Population diversity is non-negotiable. Naive self-play is fragile: agents cycle, forget, and overfit to

their own weaknesses. The progression from naive self-play to league training to PSRO reflects a deepening
understanding that diversity is as important as individual strength (Vinyals et al., 2019; Lanctot et al.,
2017). Our Theorem 5 quantifies this: improvement rate scales with D(P)/K.
The tabula rasa principle generalizes. AlphaGo Zero proved that self-play can surpass curated

human data in games. DeepSeek-R1 (DeepSeek-AI, 2025) and OpenAI’s o1 (OpenAI, 2024a) extend this to
language: models can acquire reasoning capabilities through pure self-play that would be difficult to teach
through imitation. The common enabler is a reliable verifier (game rules there, test cases here).
Theory is catching up. Recent results on last-iterate convergence (Daskalakis and Panageas, 2022),

regularized Nash dynamics (Perolat et al., 2021), and Nash Learning from Human Feedback (Munos et al.,
2024) are beginning to close the gap between practice and theory. Our three theorems contribute a “design
theory” that maps formal results to engineering choices.
The path to open-ended learning. The ultimate aspiration—systems that generate unbounded novelty

and complexity—remains unrealized but increasingly tractable. The combination of foundation models with
population-based self-play offers a plausible path toward truly open-ended AI systems.
We hope this survey provides researchers with a comprehensive map of the self-play landscape, enabling

them to build connections across the traditionally siloed communities of game AI, multi-agent reinforcement
learning, and language model alignment. The next chapter of self-play research—unifying these threads into
coherent, theoretically grounded, and practically powerful systems—promises to be among the most exciting
in AI.
Key takeaways for practitioners:

1. Verify first: Self-play succeeds when verification is reliable. Before adopting self-play, ask: “Can I verify
whether a generated output is better?” If yes (math, code, games), self-play is powerful. If no (open-ended
text, creativity), proceed with caution.

2. Diversity is non-negotiable: Every successful self-play system maintains diversity—through historical
opponents, populations, or stochastic search. Pure self-iteration degenerates.
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3. Start small: KataGo shows that careful algorithmic design can match AlphaZero at 1/100th the compute.
Pilot experiments with small models validate approaches before scaling.

4. Monitor for collapse: Track output diversity metrics and held-out evaluation alongside self-play per-
formance. Improving against yourself does not guarantee improving in general.

5. Consider the spectrum: Between pure human supervision (RLHF) and pure self-play (SPPO), choose
the level of autonomy matched to your verification quality. Hybrid approaches often outperform extremes.

Limitations of this survey. We acknowledge several limitations: (1) Our theoretical framework (The-
orems 2–5) operates in stylized settings (finite strategy spaces, exact or noisy best responses) that do not
directly capture the function approximation and non-stationarity of deep self-play systems. While our 285B
training-time experiment (Section 8.12) confirms the central qualitative prediction of Theorem 3 in a real
deep-learning system, closing the gap with formal guarantees in the neural setting remains important future
work. (2) Our experiments establish that verifier noise strictly monotonically caps self-play improvement,
with seed replication of all three sign-change conditions (ϵ ∈ {0, 0.10, 0.30}) and a 2,000-step horizon ex-
tension showing the effect is persistent, and a KL-coefficient ablation (KL ∈ {0, 0.001, 0.01} at ϵ = 0.30)
showing the held-out buffer is KL-mediated and trades off against training-distribution fidelity; a precise
quantitative match between the measured improvement and the theoretical noise floor would nonetheless
require sweeping more noise levels (and replicating all of them) than our compute budget allowed. (3) The
field evolves rapidly; notable concurrent and post-submission work may not be covered. (4) Coverage of
cooperative self-play, though expanded in this version, remains less comprehensive than the competitive and
LLM sections, reflecting both the relative maturity of the subfields and space constraints. (5) Our citation
coverage, while extensive, may underrepresent non-English-language contributions.
Looking forward, the convergence of game-theoretic self-play and LLM self-improvement suggests we

are approaching a unified paradigm for self-improving AI systems. The challenge—ensuring that self-
improvement remains aligned with human values—is perhaps the most important open problem in AI safety.
Self-play’s history offers both hope (it discovers superhuman strategies) and warning (it discovers deceptive
ones). Navigating this duality will define the next era of AI research.
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A Chronological Timeline of Self-Play Milestones

B Table of Abbreviations

For convenience, Table 27 collects the abbreviations and acronyms used throughout this survey.

C Connection to Generative Adversarial Networks

The survey’s consolidated treatment of the GAN–self-play correspondence—the minimax formulation, the
concept-by-concept mapping (Table 11), convergence results that transfer between settings, and the SPIN-
as-GAN reading—appears in Section 7.12. We keep this appendix entry as a pointer for readers navigating
from the GAN literature.
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Table 26: Chronological milestones in self-play research.

Year System/Paper Domain Contribution

1951 Fictitious Play Game theory First formal self-play algorithm
1992 TD-Gammon Backgammon First neural network + self-play success
2007 CFR Poker Provable convergence in imperfect-info

games
2016 AlphaGo Go Deep RL +MCTS + self-play (with hu-

man data)
2017 AlphaGo Zero Go Tabula rasa superhuman Go
2017 PSRO Multi-agent Unified game-theoretic population

framework
2017 PBT General Population-based hyperparameter evo-

lution
2018 AlphaZero Chess/Shogi/Go Game-agnostic self-play mastery
2019 OpenAI Five Dota 2 Self-play at massive scale, team games
2019 AlphaStar StarCraft II League training for complex strategy

games
2019 Pluribus Poker (6-player) Superhuman multiplayer poker
2019 Hide & Seek Physics Emergent tool use from self-play
2020 MuZero Atari/Board Self-play with learned model
2021 XLand 3D worlds Open-ended learning at scale
2022 CICERO Diplomacy Self-play + NL negotiation
2023 Student of Games General Unified perfect/imperfect-info self-play
2024 SPIN LLM alignment Self-play fine-tuning without teachers
2024 SPPO LLM preference Self-play preference optimization
2024 OpenAI o1 LLM reasoning RL self-play produces emergent reason-

ing
2024 AlphaProof Math (IMO) Self-play RL achieves IMO silver medal
2024 Nash LHF LLM theory Game-theoretic foundation for RLHF
2025 DeepSeek-R1 LLM reasoning Pure RL self-play discovers chain-of-

thought
2025 rStar-Math LLM math Small models master math via MCTS

self-play
2025 Era of Experience Vision paper Self-generated experience as primary

data
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Table 27: Abbreviations and acronyms used in this survey.

Abbr. Full term

CFR Counterfactual Regret Minimization
CoT Chain-of-Thought
DPO Direct Preference Optimization
GAN Generative Adversarial Network
GRPO Group Relative Policy Optimization
LLM Large Language Model
MARL Multi-Agent Reinforcement Learning
MCTS Monte Carlo Tree Search
NE Nash Equilibrium
PBT Population-Based Training
PRM Process Reward Model
PSRO Policy-Space Response Oracles
PUCT Predictor + Upper Confidence bounds applied to Trees
RL Reinforcement Learning
RLHF Reinforcement Learning from Human Feedback
RM Reward Model
SPIN Self-Play fIne-tuNing
SPPO Self-Play Preference Optimization
STaR Self-Taught Reasoner
TD Temporal Difference
UCB Upper Confidence Bound
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